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Definitions
We define a Gaussian over z with mean a and covariance
matrix A as the function

N(z|a,A)

= W exp{—%(m—a)T At (z-a)} (1)

with property N(z|a, A) = N(a| z, A). We also define
the canonical form with precision matrix A as

exp{—3a’Ala}

1
N[z |a, A] = exp{—ix—r Az +z'a}

[2r A1[1/2
2)
with properties
N[z |a, A] = N(z| Ata, A™Y) 3)
N(z|a, A) = N[z| Ata, A7) . 4)
Non-normalized Gaussian
N(z,a,A) = |20 A|Y? N(z|a, A) (5)
= exp{—%(w—a)T A (2-a)} 6)
Matrices [matrix cookbook]
(A'+BY'=A(A+B)' B=B (A+B)* A )
(A'—BYHY!'=A(B-A' B 8)
Du|As| = |Ap| tr(A7 0,A,) 9)

(A+UBV)' =4 - A'UB' +vA'U)'VAT (11)

(A'+BY'=A-AB+A)*A (12)
(A+JBIY T B=AYJ(B! +JA1TT)! (13)
(A+J' BI'A=1—(A+J"BJ)'J'BJ (14)

(11)=Woodbury; (13,14) holds for pos def A and B

Derivatives

0:N(z|a, A) = N(z|a, A) (=h"),
OpN(z|a, A) = N(z|a, A) -

h:= A'(2-a) (15)

_ KT (Bp) + KT (9pa) — %tr(A'l B A) + %hT(agA)h
(16)

0oN[z|a, A] = Nz|a, A] [— % T0p Az + %aTA'lagAA'la

1
+x'0pa — a' A Oya + itr(agAA'l)] 17)
99Nz (a, A) = N, (a, A) -
1
[hT(agx) + 11 (9pa) + 5hT(agA)h] (18)
Product
The product of two Gaussians can be expressed as
N(z|a, A) N(z|b, B)
=N[z|Ata+ B'b, A" + B'| N(a|b,A+ B), (19)
N[z | a, A] N[z | b, B]
=N[z|a+b, A+ B|N(A'a| B, AT+ B*)  (20)
=Nz |a+ b, A+ B]
N[Aa| A(A+B)™ b, A(A+B)™' B] (21)
=N[z|a+b, A+ B]
N[Ata|b— B(A+B)'b, B — B(A+B)'B], (22)
N(z|a, A) N[z |b, B]
=N[z|Ata+b, A" + B N(a| B*'b, A+ B*). (23)

Convolution
/N(m|a,A) Ny —=z|b,B)de =N(y|a+b,A+ B)
(24)
Division

N(z|a, A) / N(z|b, B) = N(z|c,C) / N(c|[b,C + B)
Cle=A'a— B

cl=41-B! (25)
Nlz|a, A] / N[z|b, B] & N[z|a — b, A — B] (26)
Expectations
Letz ~ N(z|a, A),
Bolg(o)} = [ Ne|a,4) glz) do @)
E.{z}=a, B {zz'}=A (28)
E{f+Fx}=f+Fa (29)
E.{z'z} = a"a + tr(A) (30)
E.{(z-m)"R(z-m)} = (a-m)"R(a-m) + tr(RA)  (31)
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Transformation
Linear transformations in « imply the following identities,

1

N(Fz + f|a, A) = T N(| Fl(a—f), F'AF") = |F| Nz| FTAMa— f), FTA'F], (32)
1
N[Fz+ f|a,A] = T Nlz| F'(a — Af), FTAF]. (33)
marginal & conditional:
N(z|a, A)N(y b+ Fe, By = N([*)|[, @ A AF (34)
’ 4 ’ yMb+ Fa) \FA B+FATF
N((z)](‘g) ( & g)) N(z|a, A) - N(y|b+ CTAL (z-a), B — CTALC) (35)
Tl Tplp _pTpl
N[z |a, A| N(y|b + Fa, B) N[(§)|(a+§lf b), (Atg_li BB )] (36)
z\|(a+ F'B' (A+F'B'F —F'
Nl | a, A] N[y|b+F;c,B]:N[(y)|( i ) ( o ! )] (37)
N[(z)|(‘b‘) (ér g)] N[z|a— CB'b, A—CB'CT]-Ny|b— C, B] (38)
A C A=A-CB'D
D | ANB = 1A Bl where 5707 0800 9)
A o’ At —AlCB! At AloB?
D B] ~|-B'DA* B' | |-B'DA' B! (40)
Entropy
H(N(a,A)) = %log |2meA| (41)
Kullback-Leibler divergence
: p(x)
p=N(zla,A), q=N(z|b,B), n=dim(z), p H q Zp @) (42)
B
D(p|lq) =log ||A|| +tr(B*A)+ (b—a)'B'(b—a) —n (43)
4 Doym(p|| @) = tr(B*A) + t2(A'B) + (b — a) (A" + B')(b—a) — 2n (44)
A-divergence
2DA(p||q):/\D(p”)\er(lf/\)q) + (1=-X) (p” (1- )\p+)\q) (45)
For A = .5: Jensen-Shannon divergence.
Log-likelihoods
logN(z|a, A) = %[log|27rA| + (z-a)" A (:c—a)] (46)
log N[z|a, A] = %[log|27rA |+a'Ata+ 2" Az — 256Ta} (47)
> N(alb, B)log N(xla, A) = =D (N(b, B) | N(a, A)) — H(N(b, B)) (48)

Mixture of Gaussians
Collapsing a MoG into a single Gaussian

. ) _ ) _ _ T
argrng(;pl N(a;, A;) H N(b, B)) (b szaz , B= sz Ai +aza; —bb )) (49)
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Marginal of a MOG
x a; A, Ci
i HURE
Plylr) = sz (ylbs + CIA} (2 — @), By = CTATC) (50)

NN(y|6E eizpl i CTA Ifai))v

E = Zpi [Bi — CIAC] 4+ bb] + CT A} (2 — ay)(x — a;) AT Cy 4+ 2C] A} (& — a;)b" — eeq (51)
=S P CIAY f=D pi (b — ClAla), Q=2 (52)

g ”‘Z“N[{y] | {b] {CI BJ]
P(ylz) = sz ylb; — Clz, Bj (53)

(y|€,E> ) E= ZPZ(B;l + B_l(bi - ij)(bl - C;rx)TB_lT_ eeT) )
e—Zpl[ (b; —C—r )} (54)
=Y mBICl, f=) piBlb, Q=7 (55)

[[todo: unscented transform]



