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In this slides, WE WILL SEE: 

- We will see an observation regarding the 
complete solution of linear differential 
equations and linear difference equations… 



- Linear differential equations



How express the output of an LTI system in CT

• Mathematically, the output the LTI systems can be expressed 
in two ways: 

1. Linear differential equations with constant coefficients and 
null initial conditions. 

2. Convolution integral. 

•  These two ways are equivalent.



Linear ordinary differential equations (L-ODE)

1. Linear differential equations with constant coefficients and 
null initial conditions: 

• x(t): input  ——> y(t): output

System
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 We are interested in this “forced” L-ODE with null initial conditions 
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Linear ordinary differential equations (L-ODE)
1. Linear differential equations with constant coefficients and 

null initial conditions, examples:

<latexit sha1_base64="2d+EbkNzT5I1NNNYrv8Ki6kxfvc="></latexit>
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N = 2; a2 = 1; a1 = �2 the rest of an are zero

<latexit sha1_base64="K06XvAVNbbPLguVVKvuU9ZPdTmg="></latexit>
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N = 1; a1 = 1; a0 = �4.5 the rest of an are zero

<latexit sha1_base64="JzcQGvxRjrhYOHC3GBB8gzhoLuA="></latexit>

M = 0; b0 = 1; the rest of bm are zero

<latexit sha1_base64="BPNp/O8MJIMPGUzzv79wdABSNts="></latexit>

M = 2; b0 = 1; b1 = j; b2 = 6 the rest of bm are zero



Brief overview of the solutions of L-ODE
• First of all, define the homogeneous L-ODE: 

• with general non-null initial conditions:
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Brief overview of the solutions of L-ODE
• The solution of an homogeneous L-ODE with NULL initial 

conditions is: 

• But with non-null initial conditions, the solution y(t) of an 
homogeneous L-ODE is non-zero (generally) and it is called 
transient solution, denoted here as:

<latexit sha1_base64="dsFa2hS7fi6rub5yeA6ElnXXg6g="></latexit>

yo(t)

<latexit sha1_base64="eUjs2DShb6VExAf4ZB18qr3EhkI="></latexit>

y(t) = 0, 8t

 There are courses just devoted to study this solution… 



Four cases…
1. homogeneous L-ODE with NULL initial conditions  

2. homogeneous L-ODE with NON-NULL initial conditions


3. forced L-ODE (with input) with NULL initial conditions  

4. forced L-ODE (with input) with NON-NULL initial conditions

 The more general case is the last one 
 But we are interested in the third one 



Forced L-ODE with NON-NULL initial conditions
• General solution:

<latexit sha1_base64="kzrMW7U10rPcaOh0FXfIkgsioAQ="></latexit>

y(t) = yo(t) + yf (t)

 Solution of the  
homogenous equation  

with NON-NULL initial conditions

 Solution of the  
forced equation  

with NULL initial conditions



Forced L-ODE with NON-NULL initial conditions

<latexit sha1_base64="kzrMW7U10rPcaOh0FXfIkgsioAQ="></latexit>

y(t) = yo(t) + yf (t)

 different notation



Forced L-ODE with NULL initial conditions
• In this case: 

• In this course, we focus on this scenario. 

 Solution of the  
homogenous equation  

with NULL initial conditions

 Solution of the  
forced equation  

with NULL initial conditions

<latexit sha1_base64="0cH4YQoSh9RTxomC8YP36DuYd50="></latexit>

y(t) = 0 + yf (t)



Forced L-ODE with NULL initial conditions
• In this case: 

• In this course, we focus on this solution.  

• all the books/notes use the notation y(t) but is actually y_f(t)

 Solution of the  
forced equation  

with NULL initial conditions

<latexit sha1_base64="GGd4qfnPb2Qrkg/PKGGULHqG0bE="></latexit>

y(t) = yf (t)



1. homogeneous L-ODE with 
NULL initial conditions

(no input, initial cond=zero)

<latexit sha1_base64="slxMxIRYepXIWavSjDOBZ1yeW+4="></latexit>

y(t) = 0

2. homogeneous L-ODE with 
NON-NULL initial conditions

(no input, initial cond. non-zeros)

<latexit sha1_base64="MyUEKEO9zMiRKQGYbJYflpA/R5I="></latexit>

y(t) = yo(t)

4. forced L-ODE with NON-NULL 
initial conditions
(with input, initial cond. non-zeros)

<latexit sha1_base64="kzrMW7U10rPcaOh0FXfIkgsioAQ="></latexit>

y(t) = yo(t) + yf (t)

3. forced L-ODE with NULL initial 
conditions

(with input, initial cond=zero)

<latexit sha1_base64="oUvZPxtrTbM4JnjvjvocLTBwLME="></latexit>

y(t) = yf (t)
CASE OF THIS COURSE !!!

<latexit sha1_base64="m/8KkqYAvw58h2oMFiHsfJq+Ocw="></latexit>

yo(t) = 0

<latexit sha1_base64="m/8KkqYAvw58h2oMFiHsfJq+Ocw="></latexit>

yo(t) = 0
<latexit sha1_base64="gZlU5VuByQIZZEQV682Hx6b8erI="></latexit>

yf (t) = 0

<latexit sha1_base64="gZlU5VuByQIZZEQV682Hx6b8erI="></latexit>

yf (t) = 0



 Convolution integral
• Solution of the forced equation with NULL initial conditions 

can be as: 

• but what is the function/signal h(t) ?

<latexit sha1_base64="abUmo6YE+aaBcoGEn0+Huiq5m7k="></latexit>
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 Convolution integral
• Convolution: 

• h(t) is called IMPULSE RESPONSE (respuesta al impulso) 

• impulse = delta function
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 Convolution integral
• Other notation: 

• h(t) is called IMPULSE RESPONSE (respuesta al impulso) 

• impulse = delta function

<latexit sha1_base64="tS7/HXLMSJwxlEwaGjVPfDSIhF0="></latexit>
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 Impulse Response

• Reason of the name: h(t) is the response of the system when 
the input is a delta (an impulse). 

• h(t) is the output, i.e., y(t)=h(t), of the system when x(t)=delta(t):

<latexit sha1_base64="drgiKykIrHOYOAoQxl5p8vXi+ZQ="></latexit>

x(t) = �(t) =) y(t) = h(t)



 Impulse Response

• h(t) is the output, i.e., y(t)=h(t), of the system when x(t)=delta(t):


• indeed, for the delta’s properties:

<latexit sha1_base64="drgiKykIrHOYOAoQxl5p8vXi+ZQ="></latexit>

x(t) = �(t) =) y(t) = h(t)

<latexit sha1_base64="AcCmPNdXvcO/DSjC0sP2L1PUEFo="></latexit>

y(t) =

Z +1

�1
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 Impulse Response

• Then, h(t) summaries an LTI system (and its properties). 

• Then, h(t) “summaries”/is equivalent a forced L-ODE with null 
initial conditions.



Summary: what we saw in these slides

•An LTI system in continuous time can be 
expressed (mathematically):

•   Forced L-ODE with constant coefficients and 

with NULL initial conditions

•  Convolution integral where h(t) is the impulse 

response



- Difference equations (also part of Topic 6)

























 In all this course, we consider “null initial conditions”, 
then we have:  



In discrete time, it is possible (it is much easier)  



Questions?


