
TOPIC	  5	  	  
ZETA	  TRANSFORM	  

PART	  2	  



RECALL:	  ZETA	  TRANSFORM	  

X(z) =
+1X

n=�1
x[n]z�n

<latexit sha1_base64="z3DmogIykn8ZGmKolxbDMDsopzo="></latexit>

z = rej⌦

<latexit sha1_base64="ZvlB0RzP1sGgequLEINahKXTQRw="></latexit>

We	  will	  use	  the	  polar	  representa?on	  
	  for	  the	  variable	  z.	   FREQUENCY	  

z 2 ROC

<latexit sha1_base64="2Dug1z6kONctejT3T1DswOnlQQY="></latexit>

Region	  of	  Convergence	  



RECALL:	  Example	  1	  

x[n] = a

n
u[n]

<latexit sha1_base64="l9thd/Lf9TAODrOvE6+bnawO6LA="></latexit>

ROC	  !!!!!	  
Region	  of	  convergence	  

The	  ROC	  is	  depicted	  in	  “grey”	  



RECALL:	  Example	  2	  

x[n] = �a

n
u[�n� 1]

<latexit sha1_base64="M36EQ2y3Y9hFix3OV+X/nJumD40="></latexit>

X(z) =
z

z � a

<latexit sha1_base64="gQc6vp6SX9lUNijJ5RR90LmPC84="></latexit>

The	  ROC	  is	  depicted	  in	  “grey”	  

|z| < a

<latexit sha1_base64="2+TUcOC0qiGhdaCrEZTSGWh8sVM="></latexit>

ROC	  

|	  	  	  |	  



Example	  3	  

0 < b < 1

<latexit sha1_base64="2uSM9ngFrFQmSPEOJCXzleTzygU=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0SJF0MYygvmA5Ah7m7lkyd7esbsnhCO/wcZCEVt/kJ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWj2aSoB/RoeQhZ9RYqenWgprXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx87JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZfU4GXCEzYmIJZYrbWwkbUUWZsfmUbAje8surpHVR9S6rVw+XlfptHkcRTuAUzsGDa6jDPTSgCQw4PMMrvDnSeXHenY9Fa8HJZ47hD5zPH6aLje8=</latexit>

b > 1

<latexit sha1_base64="uS6OHvAdAvWQZCsI8CkQVjeb/bY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPQTXXq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3rn1Yv780rtJo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz+6kI1x</latexit>



Example	  3	  

FROM	  Example	  1	  and	  2	  (replacing	  “a”	  with	  “b”):	  

ROC	  

ROC	  



Example	  3:	  ROC	  

|z| < 1/b

<latexit sha1_base64="6pHd9QT/UuKqw/h+jk6nX/VO2mo=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe8kooVFwEa7COYDkiPsbfaSJXu7x+6eEC/5ETYWitj6e+z8N26SKzTxwcDjvRlm5gUxZ9q47reTW1ldW9/Ibxa2tnd294r7Bw0tE0VonUguVSvAmnImaN0ww2krVhRHAafNYHgz9ZuPVGkmxYMZxdSPcF+wkBFsrNQcP42vvbOgWyy5ZXcGtEy8jJQgQ61b/Or0JEkiKgzhWOu258bGT7EyjHA6KXQSTWNMhrhP25YKHFHtp7NzJ+jEKj0USmVLGDRTf0+kONJ6FAW2M8JmoBe9qfif105MeOWnTMSJoYLMF4UJR0ai6e+oxxQlho8swUQxeysiA6wwMTahgg3BW3x5mTTOy16lfHFfKVXvsjjycATHcAoeXEIVbqEGdSAwhGd4hTcndl6cd+dj3ppzsplD+APn8wfM/Y8/</latexit>

|z| > b

<latexit sha1_base64="jFC6sQ6NXh5FQgE2CylI14T6Dq0=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRU9S8KK3Cm5baJeSTbNtaDZZkqxQt/0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/0NAyVYT6RHKpWiHWlDNBfcMMp61EURyHnDbD4c3Ubz5SpZkUD2aU0CDGfcEiRrCxkj9+Gl+H3XLFrbozoGXi5aQCOerd8lenJ0kaU2EIx1q3PTcxQYaVYYTTSamTappgMsR92rZU4JjqIJsdO0EnVumhSCpbwqCZ+nsiw7HWozi0nTE2A73oTcX/vHZqoqsgYyJJDRVkvihKOTISTT9HPaYoMXxkCSaK2VsRGWCFibH5lGwI3uLLy6RxVvXOqxf355XaXR5HEY7gGE7Bg0uowS3UwQcCDJ7hFd4c4bw4787HvLXg5DOH8AfO5w/wsY7N</latexit>

ROC	  of	  this	  example:	  	  
we	  have	  to	  sa?sfy	  SIMULTANEOUSLY	  	  
the	  two	  ROCs	  below	  (of	  the	  previous	  examples)	  	  

ROC-‐1:	   ROC-‐2:	  

The	  only	  way	  to	  obtain	  that	  is:	   b < 1

<latexit sha1_base64="Ta7IV/c2snZ2+kxoHrJJeSl9scE=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0cIiYKNdRPMByRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/jZvkCk18MPB4b4aZeUEihUHX/XYKK6tr6xvFzdLW9s7uXnn/oGniVDPeYLGMdTughkuheAMFSt5ONKdRIHkrGN1M/dYT10bE6hHHCfcjOlAiFIyilR6Ca69XrrhVdwayTLycVCBHvVf+6vZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCOpYpG3PjZ7NQJObFKn4SxtqWQzNTfExmNjBlHge2MKA7NojcV//M6KYZXfiZUkiJXbL4oTCXBmEz/Jn2hOUM5toQyLeythA2ppgxtOiUbgrf48jJpnlW98+rF/XmldpfHUYQjOIZT8OASanALdWgAgwE8wyu8OdJ5cd6dj3lrwclnDuEPnM8fuaGNdg==</latexit>

In	  this	  case,	  the	  ROC	  is:	  

b < |z| < 1/b

<latexit sha1_base64="7y0cW5tZKPL9nDkqYXtBu1Hnk2s=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKe5KRA85BLzoLYJ5SLKE2clsMmRmdpmZFeImX+HFgyJe/Rxv/o2Tx0ETCxqKqm66u4KYM21c99vJrKyurW9kN3Nb2zu7e/n9g7qOEkVojUQ8Us0Aa8qZpDXDDKfNWFEsAk4bweB64jceqdIskvdmGFNf4J5kISPYWOkhKI+eRmXvLOjkC27RnQItE29OCjBHtZP/ancjkggqDeFY65bnxsZPsTKMcDrOtRNNY0wGuEdblkosqPbT6cFjdGKVLgojZUsaNFV/T6RYaD0Uge0U2PT1ojcR//NaiQmv/JTJODFUktmiMOHIRGjyPeoyRYnhQ0swUczeikgfK0yMzShnQ/AWX14m9fOiVype3JUKldt5HFk4gmM4BQ8uoQI3UIUaEBDwDK/w5ijnxXl3PmatGWc+cwh/4Hz+AAspj/E=</latexit>



Solu?on	  of	  Example	  3	  for	  b<1	  
Solu?on	  for	  b<1:	  

! The	  FT	  always	  exists!	  
The	  unit	  circle	  is	  always	  within	  
The	  ROC	  !!	  

! 	  b	  and	  1/b	  are	  the	  two	  poles	  !	  
! 	  we	  have	  a	  “DONUT”	  ROC	  !	  

…it	  can	  be	  also	  wri\en	  with	  a	  
unique	  frac?on….	  



Solu?on	  of	  Example	  3	  for	  b>1	  

Solu?on	  for	  b>1:	  

! No	  solu?on.	  
! The	  ROC	  is	  empty.	  



Recalling	  the	  signal…	  

0 < b < 1

<latexit sha1_base64="2uSM9ngFrFQmSPEOJCXzleTzygU=">AAAB7HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0SJF0MYygvmA5Ah7m7lkyd7esbsnhCO/wcZCEVt/kJ3/xk1yhSY+GHi8N8PMvCARXBvX/XYKa+sbm1vF7dLO7t7+QfnwqKXjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8d3Mbz+h0jyWj2aSoB/RoeQhZ9RYqenWgprXL1fcqjsHWSVeTiqQo9Evf/UGMUsjlIYJqnXXcxPjZ1QZzgROS71UY0LZmA6xa6mkEWo/mx87JWdWGZAwVrakIXP190RGI60nUWA7I2pGetmbif953dSEN37GZZIalGyxKEwFMTGZfU4GXCEzYmIJZYrbWwkbUUWZsfmUbAje8surpHVR9S6rVw+XlfptHkcRTuAUzsGDa6jDPTSgCQw4PMMrvDnSeXHenY9Fa8HJZ47hD5zPH6aLje8=</latexit>

b > 1

<latexit sha1_base64="uS6OHvAdAvWQZCsI8CkQVjeb/bY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0ZMUvXisaD+gDWWz3bRLN5uwOxFK6E/w4kERr/4ib/4bt20O2vpg4PHeDDPzgkQKg6777RRWVtfWN4qbpa3tnd298v5B08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup36rSeujYjVI44T7kd0oEQoGEUrPQTXXq9ccavuDGSZeDmpQI56r/zV7ccsjbhCJqkxHc9N0M+oRsEkn5S6qeEJZSM64B1LFY248bPZqRNyYpU+CWNtSyGZqb8nMhoZM44C2xlRHJpFbyr+53VSDK/8TKgkRa7YfFGYSoIxmf5N+kJzhnJsCWVa2FsJG1JNGdp0SjYEb/HlZdI8q3rn1Yv780rtJo+jCEdwDKfgwSXU4A7q0AAGA3iGV3hzpPPivDsf89aCk88cwh84nz+6kI1x</latexit>

The	  result	  “makes	  sense”:	  for	  b>1,	  the	  signal	  is	  unbounded	  in	  
both	  sides	  (infinite	  energy	  in	  both	  size),	  and	  the	  factor	  “r”	  in	  ZT	  
cannot	  help	  simultaneously	  both	  sides	  to	  converge.	  	  



RECALL:	  about	  ROCs	  	  

The	  ROCs	  are	  always	  “circular	  pieces/
por?ons”	  of	  the	  complex	  plane,	  possibly	  

infinite	  pieces.	  	  

A	  ROC	  does	  not	  contain	  poles	  (never!)	  	  



RECALL:	  about	  ROCs	  	  

POLES	  



About	  ROCs	  	  

The	  ROCs	  always	  are	  defined	  
considering	  the	  module	  of	  z,	  i.e.,	  |z|=r,	  

which	  is	  the	  variable	  r	  !!	  



Example	  4	  

x[n] = �[n]

<latexit sha1_base64="ZqtscU7WD2YKDElnGMht2OQqmtY="></latexit>

X(z) =
+1X

n=�1
x[n]z�n

<latexit sha1_base64="dN9L+r6fqjhSFf/Wh4lou/n8EwM="></latexit>

X(z) =
+1X

n=�1
�[n]z�n

<latexit sha1_base64="r6aHyoRxOEPbjJ1x0seD0HqtU7g="></latexit>

X(z) = 1

<latexit sha1_base64="3fZvqyOOXQPdpTgOxbmrHFSGkuU="></latexit>

ROC:	  all	  the	  complex	  plane	  !!!!	  



Example	  5	  

x[n] = �[n� 1]

<latexit sha1_base64="O2ISfz16DylVwlWJ8bWg1UbXzIc="></latexit>

X(z) =
+1X

n=�1
x[n]z�n

<latexit sha1_base64="dN9L+r6fqjhSFf/Wh4lou/n8EwM="></latexit>

X(z) =
+1X

n=�1
�[n� 1]z�n

<latexit sha1_base64="NnTnFETEP50dMjNUK4DNHyTH9bs="></latexit>

X(z) = z�1

<latexit sha1_base64="JjisZ5xzzjxmlp5i+r4YEDhfXqk="></latexit>

ROC:	  all	  the	  complex	  plane	  but	  
except	  zero	  !!	  There	  is	  a	  pole	  at	  0.	  



Example	  6	  
X(z) =

+1X

n=�1
x[n]z�n

<latexit sha1_base64="dN9L+r6fqjhSFf/Wh4lou/n8EwM="></latexit>

X(z) = z

<latexit sha1_base64="u7CgSMPlLmV7HXWaMHkt/HQ6Z+g="></latexit>

x[n] = �[n + 1]

<latexit sha1_base64="qpFSMM4BLSlgfXx1c0CKnabsLs0="></latexit>

X(z) =
+1X

n=�1
�[n + 1]z�n

<latexit sha1_base64="dtJHfYca0N6crT/ymu4nUd8/R+k="></latexit>

ROC:	  all	  the	  complex	  plane	  (but	  except	  
infinity!!	  There	  is	  a	  pole	  at	  Infinity).	  
**	  Generally,	  also	  “infinity”	  is	  included	  in	  
this	  analysis….	  	  	  



Example	  7	  
X(z) =

+1X

n=�1
x[n]z�n

<latexit sha1_base64="dN9L+r6fqjhSFf/Wh4lou/n8EwM="></latexit>

X(z) =
+1X

n=�1
�[n� n0]z�n

<latexit sha1_base64="NxrRXf29lVyxZE1XnmWxhfxhE2M="></latexit>

X(z) = z�n0

<latexit sha1_base64="79+630Jku7P7cOZCFtev5B0AFHU="></latexit>

x[n] = �[n� n0]

<latexit sha1_base64="MzJHXtG3Rd4waBobcTRam6CepvQ="></latexit>

ROC:	  all	  the	  complex	  plane	  but	  except	  zero	  !!	  
There	  is	  a	  (mul?ple)	  pole	  at	  0	  (with	  mul?plicity	  
n0,	  i.e.,	  n0	  coincident	  poles	  at	  0).	  

n0 > 0
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>



Example	  8:	  property	  

Q(z) =
1X

n=�1
q[n]z�n

<latexit sha1_base64="dUCtzoyrfZ3XjoqObV18Sw+8a4U="></latexit>

q[n] = x[n� n0]

<latexit sha1_base64="vZP0RdwWMfUFN8m4CwLfvouGwrU="></latexit>

Q(z) =
1X

n=�1
x[n� n0]z�n

<latexit sha1_base64="A1a9cYzqbRtSFJgDfkVdLsvKBno="></latexit>

Change	  of	  variable:	  	  k = n� n0

<latexit sha1_base64="9bU6gwgLosVxNnBO7Sx1zJlrOc8="></latexit>

n = k + n0

<latexit sha1_base64="9GS8Ue0VEFX0tb6ZnSZA+QJFu3A="></latexit>



Example	  8:	  property	  

Q(z) = z

�n0

1X

k=�1
x[k]z�k

<latexit sha1_base64="oFUGnQaK3fjow5COcQg11XWcKqY="></latexit>

Q(z) =
1X

k=�1
x[n]z�k�n0

<latexit sha1_base64="Gg0rTBiDcW8BMKuRJhwUgQCs4mU="></latexit>

Q(z) = z�n0X(z)

<latexit sha1_base64="wDpzcxUmfDrBUt4PfMUnxZ2LUJo="></latexit>

X(z)

<latexit sha1_base64="WE0KOdJux1ASjJNi2npQzky2W3c="></latexit>

ROC:	  note	  that	  we	  adding	  a	  (mul?ple)	  pole	  at	  0	  (or	  at	  Infinity	  of	  
n0<0)	  to	  the	  	  possible	  poles	  of	  X(z).	  If	  X(z)	  has	  a	  (mul?ple)	  zero	  at	  0	  
this	  pole	  is	  removed.	  



Example	  8:	  property	  

Q(z) = z�n0X(z)

<latexit sha1_base64="wDpzcxUmfDrBUt4PfMUnxZ2LUJo="></latexit>

q[n] = x[n� n0]

<latexit sha1_base64="vZP0RdwWMfUFN8m4CwLfvouGwrU="></latexit>

Shil	  in	  ?me	  !	  mul?plica?on	  by	  a	  
power	  of	  z	  in	  the	  transformed	  domain	  	  

x[n� i]

<latexit sha1_base64="WRn587pwNveH9KXOG5RpiwzzBww="></latexit>

z�iX(z)

<latexit sha1_base64="GgniimjM3HoEc589eTs249q+Ogk="></latexit>



Example	  9	  

x[n] = �3�[n] + 2�[n� 1] + �[n� 4]

<latexit sha1_base64="NSSOUn3mDomoWmq6yJ7JUvdC7uE="></latexit>

x[n]

<latexit sha1_base64="eErXTvxu/0viQxII5fBt2KuUMf4="></latexit>

n

<latexit sha1_base64="61YPRXYruGo8TsRueX/FYWWhfJA="></latexit>

�3

<latexit sha1_base64="oxlBxP6dxrBrvkzTfeH6t0b5C+Y="></latexit>

2

<latexit sha1_base64="uT84atibnlKNsLpA8rdBJf1EqIA="></latexit>

1

<latexit sha1_base64="j4XVxpIoDXViIG0Jp0f50MxZs94="></latexit>

x[0] = �3, x[1] = 2, x[4] = 1,

otherwise 0

<latexit sha1_base64="vbWlAShiV2EJLQ/gXxNTMI/jx+k="></latexit>

1

<latexit sha1_base64="CrhDCJec2zgbrJR/MuuphEhWrs4="></latexit>

2

<latexit sha1_base64="fLHCSo2dlG8fPsCQmuEcGqu9Kk0="></latexit>

3

<latexit sha1_base64="HFKaV9T4UTy4YzYDg4bv3KHUQ1A="></latexit>

4

<latexit sha1_base64="Tjry01IT0zoaXyPjaYg3PRvMwpg="></latexit>

�1

<latexit sha1_base64="oyuJvaM2Q7SnegwfwcIkw5m/Hxw="></latexit>

�2

<latexit sha1_base64="mzze0hqriKjRWVpp7hbs56lHcKI="></latexit>

5

<latexit sha1_base64="IkJYmvyLKLU0uMkRZJLruzM8mtc="></latexit>

Easy	  to	  
express	  with	  
deltas	  	  



Example	  9	  
x[n] = �3�[n] + 2�[n� 1] + �[n� 4]

<latexit sha1_base64="NSSOUn3mDomoWmq6yJ7JUvdC7uE="></latexit>

X(z) = �3 + 2z�1 + z�4

<latexit sha1_base64="aev4nFI8qjsxxTv2OVYA/ZHoBLA="></latexit>

X(z) = z�n0

<latexit sha1_base64="79+630Jku7P7cOZCFtev5B0AFHU="></latexit>

x[n] = �[n� n0]

<latexit sha1_base64="MzJHXtG3Rd4waBobcTRam6CepvQ="></latexit>

Using	  the	  result	  of	  example	  7:	  

X(z) =
�3z4 + 2z3 + 1

z4

<latexit sha1_base64="CE37IDXIf09PY4IabjKsyKVL/UY="></latexit>

ROC:	  	  all	  the	  complex	  plane	  except	  0!	  We	  have	  a	  (mul?ple)	  pole	  
at	  0.	  At	  infinity,	  the	  pole	  at	  0	  help	  us….	  



ZT	  of	  finite	  length	  signals	  	  

x[n] =
L�1X

j=0

an�[n� j]

<latexit sha1_base64="QHnKK1AJ4Fq3wucZHVCgD69tsPc="></latexit>

For	  instance:	  

=
x[0]zL�1 + x[1]zL�2 + x[2]zL�3 + ... + x[L� 1]

z

L�1

<latexit sha1_base64="cwLHHtk7tN3RkMm3ZNpTOL0cKT8="></latexit>

X(z) =
1X

n=�1
x[n]z�n =

L�1X

n=0

x[n]z�n

= x[0] + x[1]z�1 + x[2]z�2 + ... + x[L� 1]z�(L�1)

<latexit sha1_base64="XC6wQgIUW75iqTShS9bjmyJD8cM="></latexit>

ROC=	  ?	  !	  



ROCs	  of	  ZT	  	  
of	  finite	  length	  signals	  	  

If	  x[n]	  has	  finite	  length,	  the	  ROC	  is	  all	  
the	  complex	  plane	  except	  POSSIBLY	  the	  

points	  z=0	  and/or	  z=Infinity.	  

The	  ROC	  is	  all	  the	  complex	  plane	  just	  for	  
x[n]=Delta[n].	  



Zeta	  Transform	  for	  LTI	  systems	  

The	  Zeta	  Transform	  of	  an	  impulse	  
response	  of	  an	  LTI	  system	  is	  always	  

ra?onal:	  namely,	  a	  frac?on	  of	  
polynomials	  !	  

(see	  proof	  in	  the	  next	  slides)	  

For	  the	  proof	  we	  need	  to	  use	  the	  property:	  	  

x[n� i]

<latexit sha1_base64="WRn587pwNveH9KXOG5RpiwzzBww="></latexit>

z�iX(z)

<latexit sha1_base64="GgniimjM3HoEc589eTs249q+Ogk="></latexit>



LX

i=0

biy[n� i] =
RX

r=0

crx[n� r]

<latexit sha1_base64="JiV48GpuAm9O2674TdbjJhMTaHs=">AAACGHicbZC7TsMwFIYdrqXcAowsFhUSCyVBRbBUqmBhYCiIXqQ0RI7rtFYdJ7IdRBX1MVh4FRYGEGLtxtvgtBmg5Zcs/frOOTo+vx8zKpVlfRsLi0vLK6uFteL6xubWtrmz25RRIjBp4IhFou0jSRjlpKGoYqQdC4JCn5GWP7jK6q1HIiSN+L0axsQNUY/TgGKkNPLMk45MQi+lVWv0cAN9j8Khw4+pW51ykfE7iD0BnzQXrmeWrLI1EZw3dm5KIFfdM8edboSTkHCFGZLSsa1YuSkSimJGRsVOIkmM8AD1iKMtRyGRbjo5bAQPNenCIBL6cQUn9PdEikIph6GvO0Ok+nK2lsH/ak6iggs3pTxOFOF4uihIGFQRzFKCXSoIVmyoDcKC6r9C3EcCYaWzLOoQ7NmT503ztGxXyme3lVLtMo+jAPbBATgCNjgHNXAN6qABMHgGr+AdfBgvxpvxaXxNWxeMfGYP/JEx/gEjJ581</latexit>

LINEAR	  DIFFERENCE	  EQUATION	  WITH	  COSTANT	  
COEFFICIENTS	  (AND	  INITIAL	  CONDITIONS	  =	  0)	  

The	  output	  of	  a	  LTI	  system	  can	  be	  expressed	  with	  the	  
convolu?on	  sum	  and:	  

Zeta	  Transform	  of	  the	  impulse	  
response	  of	  a	  LTI	  system	  



Z
(

LX

i=0

biy[n� i]

)
= Z

(
RX

r=0

crx[n� r]

)

<latexit sha1_base64="9JIXHu1D8BUCQAJWCwJlL2r2rxM="></latexit>

LX

i=0

biZ {y[n� i]} =
RX

r=0

crZ {x[n� r]}

<latexit sha1_base64="/RLSHsjA2sSXXVykx+yZFAfqOBo="></latexit>

LX

i=0

biz
�iY (z) =

RX

r=0

crz
�rX(z)

<latexit sha1_base64="Hju46oFl8nLqDDBW03OvIc/57zc="></latexit>

Zeta	  Transform	  of	  the	  impulse	  
response	  of	  a	  LTI	  system	  



Zeta	  Transform	  of	  the	  impulse	  
response	  of	  a	  LTI	  system	  
LX

i=0

biz
�iY (z) =

RX

r=0

crz
�rX(z)

<latexit sha1_base64="Hju46oFl8nLqDDBW03OvIc/57zc="></latexit>

The	  Zeta	  Transform	  of	  an	  impulse	  response	  of	  
an	  LTI	  system	  is	  always	  ra?onal:	  namely,	  a	  

frac?on	  of	  polynomials	  !	  

It	  can	  be	  expressed	  as	  a	  frac?on	  of	  polynomials	  !!!	  

H(z) =
Y (z)
X(z)

=
PR

r=0 crz
�r

PL
i=0 biz�i

<latexit sha1_base64="uRVixUnmzkeFyjODFPHZHODWxZU="></latexit>



In	  LTI	  systems:	  ROCs	  and	  poles	  

When	  X(z)	  is	  ra?onal	  (a	  frac?on	  of	  
polynomials,	  i.e.,	  for	  impulse	  

response	  of	  LTI	  systems)	  the	  poles	  
“define/determine”	  the	  ROC.	  


