
Sampling	  (in	  discrete	  1me)	  

(down-‐sampling,	  “diezmado”;	  
and	  up-‐sampling,	  “interpola1on	  in	  

discrete	  1me”	  )	  

FOURTH PART

<latexit sha1_base64="EhpFVqU/bq3sUjNM37IANKzDZ2M=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0XoqiRS0ZVUBOnOWpq20IQymU7aoZMHMxOxhPyCG3/FjQtF3Lpz5984TbPQ1gMXDufcO3PvcSNGhTSMb62wsrq2vlHcLG1t7+zu6fsHHRHGHBMLhyzkPRcJwmhALEklI72IE+S7jHTdyfXM794TLmgYtOU0Io6PRgH1KEZSSQO9ktjZIwknwxTavhs+JIntevDm1mq1G7B51WqnKYTpQC8bVSMDXCZmTsogR3Ogf9nDEMc+CSRmSIi+aUTSSRCXFDOSluxYkAjhCRqRvqIB8olwkmyZFJ4oZQi9kKsKJMzU3xMJ8oWY+q7q9JEci0VvJv7n9WPpXTgJDaJYkgDPP/JiBmUIZ/HAIeUESzZVBGFO1a4QjxFHWKoQSyoEc/HkZdI5rZq16tldrVy/zOMogiNwDCrABOegDhqgCSyAwSN4Bq/gTXvSXrR37WPeWtDymUPwB9rnD3RwnLo=</latexit>



xb[-1]= x[-3] 
xb[0] = x[0] 
xb[1]  = x[3] 
xb[2] = x[6] 
… 

Factor	  N=3	  
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1	  	  	  2	  	  	  	  	  

Down-‐sampling	  (“Diezmado”)	  

With	  one	  block:	  directly	  (see	  
next	  slides)	  



Down-‐sampling	  (“Diezmado”)	  

REMOVE	  	  
N-1	  zeros	  

↓ N 

With	  two	  blocks!	  

Mul1plica1on	  with	  an	  infinite	  train	  of	  delta:	  the	  
results	  is	  that	  some	  values	  go	  to	  zero	  and	  the	  
rest	  of	  samples	  keep	  the	  same	  values.	  	  

p[n] =
+1X

k=�1
�[n� kN ]

<latexit sha1_base64="6sm8jh3Nk7pSAaILv173LCwTaCU="></latexit>

xb[n] = xp[nN ]

<latexit sha1_base64="YpZ0skvjqkyZ6P3pUBJchRg9bxs=">AAACIXicbVDLSsNAFJ3UV42vqks3g6XgqiSiWEGh4MaNpYJ9QBrCZDpph04mYWYiLSG/4sZfceNCke7En3H6WNjWAwOHc87lzj1+zKhUlvVt5NbWNza38tvmzu7e/kHh8Kgpo0Rg0sARi0TbR5IwyklDUcVIOxYEhT4jLX9wN/Fbz0RIGvEnNYqJG6IepwHFSGnJK1RKLe/hBnYCgXAKOzHN0lpmlmqLks5k5tDzHe7eDr3Y4TXXKxStsjUFXCX2nBTBHHWvMO50I5yEhCvMkJSObcXKTZFQFDOSmZ1EkhjhAeoRR1OOQiLddHphBkta6cIgEvpxBafq34kUhVKOQl8nQ6T6ctmbiP95TqKCiptSHieKcDxbFCQMqghO6oJdKghWbKQJwoLqv0LcR7oZpUs1dQn28smrpHleti/Kl48Xxer1vI48OAGn4AzY4ApUwT2ogwbA4AW8gQ/wabwa78aXMZ5Fc8Z85hgswPj5BUmdomM=</latexit>



Down-‐sampling	  (“Diezmado”)	  

With	  two	  blocks	  

THE	  SAME	  RESULTS	  !!	  

With	  one	  block	  

REMOVE	  	  
N-1	  zeros	  

p[n] =
+1X

k=�1
�[n� kN ]

<latexit sha1_base64="6sm8jh3Nk7pSAaILv173LCwTaCU="></latexit>

xb[n] = xp[nN ]

<latexit sha1_base64="YpZ0skvjqkyZ6P3pUBJchRg9bxs=">AAACIXicbVDLSsNAFJ3UV42vqks3g6XgqiSiWEGh4MaNpYJ9QBrCZDpph04mYWYiLSG/4sZfceNCke7En3H6WNjWAwOHc87lzj1+zKhUlvVt5NbWNza38tvmzu7e/kHh8Kgpo0Rg0sARi0TbR5IwyklDUcVIOxYEhT4jLX9wN/Fbz0RIGvEnNYqJG6IepwHFSGnJK1RKLe/hBnYCgXAKOzHN0lpmlmqLks5k5tDzHe7eDr3Y4TXXKxStsjUFXCX2nBTBHHWvMO50I5yEhCvMkJSObcXKTZFQFDOSmZ1EkhjhAeoRR1OOQiLddHphBkta6cIgEvpxBafq34kUhVKOQl8nQ6T6ctmbiP95TqKCiptSHieKcDxbFCQMqghO6oJdKghWbKQJwoLqv0LcR7oZpUs1dQn28smrpHleti/Kl48Xxer1vI48OAGn4AzY4ApUwT2ogwbA4AW8gQ/wabwa78aXMZ5Fc8Z85hgswPj5BUmdomM=</latexit>



Down-‐sampling	  in	  frequency:	  first	  step	  
•  	  Let	  us	  consider	  that:	  

p[n] =
+1X

k=�1
�[n� kN ]

<latexit sha1_base64="b2FrnhBK9L6nQukEYh0RjhZZ7H4="></latexit>

xp[n] = x[n]p[n]

<latexit sha1_base64="uJmbdpQBrOV5vnY8n+FuzPZZGEA="></latexit>

Xp(⌦) =
1
2⇡

Z 2⇡

0
X(✓)P (⌦� ✓)d✓

<latexit sha1_base64="Z32Q/dAz8ufgzS8y7FsU6HTEqms="></latexit>

G	  

(p[n]	  can	  be	  considered	  periodic	  of	  period	  N	  !)	  
	  	  	  	  	  	  	  	  	  	  Generalized	  Fourier	  Transform	  	  

PG(⌦) =
2⇡

N

1X

k=�1
�

✓
⌦� k

2⇡

N

◆

<latexit sha1_base64="95UNr5np39Be1DnSlBHC+b75LhA="></latexit>

XP (⌦) =
1
N

+1X

k=�1
X

✓
⌦� k

2⇡

N

◆

<latexit sha1_base64="IEjp2x5NYI0cGDettib3R3RarXs="></latexit>



Down-‐sampling	  in	  frequency:	  first	  step	  

It	  is	  already	  periodic,	  
since	  it	  is	  the	  FT	  of	  x[n]	  
(discrete	  1me)	  

In	  this	  example,	  we	  are	  
lucky:	  no	  overlapping	  !!!	  

Xp(⌦)

<latexit sha1_base64="lnLBzE5Uqnc/qZsU7lmM8DuAS40="></latexit>

P (⌦)

<latexit sha1_base64="n7zeQ+RL196z3Hx36rgwiVswclM="></latexit>

X(⌦)

<latexit sha1_base64="SIBLGSrruFxwmnhnD+n7K2I79e8="></latexit>

N = 3

<latexit sha1_base64="jJGxvhI/rWnM3m7yzrzwETCScMY="></latexit>

WM	  -WM	  

G	  

lucamartino
Text Box
Recall that we are plotting the module of the FTs



first	  step:	  avoiding	  overlapping	  

No	  overlapping	  if:	  

2WM <
2⇡

N

<latexit sha1_base64="FhhFyGiuz6SMJx5tHUpOMzsYk08=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBVUlKRRcuim7cKBXsA5oQJtNJO3TyYGYilBDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+/xE86ksqxvY2l5ZXVtvbRR3tza3tk19/bbMk4FoS0S81h0fSwpZxFtKaY47SaC4tDntOOPrid+55EKyeLoQY0T6oZ4ELGAEay05JmHtY53e4mcQGCS1ZCTsDy7yz2zYlWtKdAisQtSgQJNz/xy+jFJQxopwrGUPdtKlJthoRjhNC87qaQJJiM8oD1NIxxS6WbT83N0opU+CmKhK1Joqv6eyHAo5Tj0dWeI1VDOexPxP6+XquDCzViUpIpGZLYoSDlSMZpkgfpMUKL4WBNMBNO3IjLEOgmlEyvrEOz5lxdJu1a169Wz+3qlcVXEUYIjOIZTsOEcGnADTWgBgQye4RXejCfjxXg3PmatS0YxcwB/YHz+AOSPlNM=</latexit>

WM <
⇡

N

<latexit sha1_base64="7hawU5aslCXuDhWVVkL1Ly7GzM8=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDBbBVUmkogsXRTdulAr2AU0Ik+mkHTp5MDMRSoi/4saFIm79EHf+jdM2C209cOFwzr3ce4+fcCaVZX0bpZXVtfWN8mZla3tnd8/cP+jIOBWEtknMY9HzsaScRbStmOK0lwiKQ5/Trj++nvrdRyoki6MHNUmoG+JhxAJGsNKSZ1a73u0lcgKBSYachOXZXe6ZNatuzYCWiV2QGhRoeeaXM4hJGtJIEY6l7NtWotwMC8UIp3nFSSVNMBnjIe1rGuGQSjebHZ+jY60MUBALXZFCM/X3RIZDKSehrztDrEZy0ZuK/3n9VAUXbsaiJFU0IvNFQcqRitE0CTRgghLFJ5pgIpi+FZER1kEonVdFh2AvvrxMOqd1u1E/u2/UmldFHGU4hCM4ARvOoQk30II2EJjAM7zCm/FkvBjvxse8tWQUM1X4A+PzB/lWlFs=</latexit>

N <
⇡

WM

<latexit sha1_base64="ZgZkjGPDplqivx79lk2WNaAp7A4=">AAACEXicbVDLSsNAFJ3UV42vqEs3g6XQVUmkogsXRTduLBXsA5pQJtNJO3QyCTMToYT8ght/xY0LRdy6c+ffOG2zsK0HBg7nnMude/yYUals+8corK1vbG4Vt82d3b39A+vwqC2jRGDSwhGLRNdHkjDKSUtRxUg3FgSFPiMdf3wz9TuPREga8Qc1iYkXoiGnAcVIaalvVcqd/t0VdAOBcArdmGZpIzMbi4qOZH2rZFftGeAqcXJSAjmafevbHUQ4CQlXmCEpe44dKy9FQlHMSGa6iSQxwmM0JD1NOQqJ9NLZRRksa2UAg0joxxWcqX8nUhRKOQl9nQyRGsllbyr+5/USFVx6KeVxogjH80VBwqCK4LQeOKCCYMUmmiAsqP4rxCOkq1C6RFOX4CyfvEraZ1WnVj2/r5Xq13kdRXACTkEFOOAC1MEtaIIWwOAJvIA38G48G6/Gh/E5jxaMfOYYLMD4+gWUY5xG</latexit>

Equivalent	  to	  the	  Nyquist	  condiJon	  	  



Down-‐sampling:	  second	  step	  

REMOVE	  	  
N-1	  zeros	  

xp[n]

<latexit sha1_base64="hBH+Fmeu7Gs9MwoC5IRfMU7AzFg=">AAACGXicbVDLSsNAFJ3UV42vqks3g6XgqiRSUcFFwY0bSwX7gCSEyXTSDp1MwsxELCG/4cZfceNCEZe68m+cPha29cDA4ZxzuXNPkDAqlWX9GIWV1bX1jeKmubW9s7tX2j9oyzgVmLRwzGLRDZAkjHLSUlQx0k0EQVHASCcYXo/9zgMRksb8Xo0S4kWoz2lIMVJa8ktWpePfXkE3FAhn0E1onjVys9KYl3QmNx/9xOGeXypbVWsCuEzsGSmDGZp+6cvtxTiNCFeYISkd20qUlyGhKGYkN91UkgThIeoTR1OOIiK9bHJZDita6cEwFvpxBSfq34kMRVKOokAnI6QGctEbi/95TqrCCy+jPEkV4Xi6KEwZVDEc1wR7VBCs2EgThAXVf4V4gHQjSpdp6hLsxZOXSfu0ateqZ3e1cv1yVkcRHIFjcAJscA7q4AY0QQtg8ARewBt4N56NV+PD+JxGC8Zs5hDMwfj+BSSsnyk=</latexit>

xb[n] = xp[nN ]

<latexit sha1_base64="YpZ0skvjqkyZ6P3pUBJchRg9bxs=">AAACIXicbVDLSsNAFJ3UV42vqks3g6XgqiSiWEGh4MaNpYJ9QBrCZDpph04mYWYiLSG/4sZfceNCke7En3H6WNjWAwOHc87lzj1+zKhUlvVt5NbWNza38tvmzu7e/kHh8Kgpo0Rg0sARi0TbR5IwyklDUcVIOxYEhT4jLX9wN/Fbz0RIGvEnNYqJG6IepwHFSGnJK1RKLe/hBnYCgXAKOzHN0lpmlmqLks5k5tDzHe7eDr3Y4TXXKxStsjUFXCX2nBTBHHWvMO50I5yEhCvMkJSObcXKTZFQFDOSmZ1EkhjhAeoRR1OOQiLddHphBkta6cIgEvpxBafq34kUhVKOQl8nQ6T6ctmbiP95TqKCiptSHieKcDxbFCQMqghO6oJdKghWbKQJwoLqv0LcR7oZpUs1dQn28smrpHleti/Kl48Xxer1vI48OAGn4AzY4ApUwT2ogwbA4AW8gQ/wabwa78aXMZ5Fc8Z85hgswPj5BUmdomM=</latexit>

Xb(⌦) =
+1X

n=�1
xb[n]e�j⌦n

=
+1X

n=�1
xp[nN ]e�j⌦n =

+1X

n0=�1
xp[n0]e�j ⌦

N n0
= Xp

✓
⌦
N

◆

<latexit sha1_base64="gt2ACQmHQT3mDRBjCs0znURO+f0="></latexit>

Change	  of	  variable	  n’=nN	  



Down-‐sampling:	  second	  step	  

xb[n] = xp[nN ]

<latexit sha1_base64="YpZ0skvjqkyZ6P3pUBJchRg9bxs=">AAACIXicbVDLSsNAFJ3UV42vqks3g6XgqiSiWEGh4MaNpYJ9QBrCZDpph04mYWYiLSG/4sZfceNCke7En3H6WNjWAwOHc87lzj1+zKhUlvVt5NbWNza38tvmzu7e/kHh8Kgpo0Rg0sARi0TbR5IwyklDUcVIOxYEhT4jLX9wN/Fbz0RIGvEnNYqJG6IepwHFSGnJK1RKLe/hBnYCgXAKOzHN0lpmlmqLks5k5tDzHe7eDr3Y4TXXKxStsjUFXCX2nBTBHHWvMO50I5yEhCvMkJSObcXKTZFQFDOSmZ1EkhjhAeoRR1OOQiLddHphBkta6cIgEvpxBafq34kUhVKOQl8nQ6T6ctmbiP95TqKCiptSHieKcDxbFCQMqghO6oJdKghWbKQJwoLqv0LcR7oZpUs1dQn28smrpHleti/Kl48Xxer1vI48OAGn4AzY4ApUwT2ogwbA4AW8gQ/wabwa78aXMZ5Fc8Z85hgswPj5BUmdomM=</latexit>

Xb(⌦) = Xp

✓
⌦
N

◆

<latexit sha1_base64="tihbPSb2/WSFevXbbhWadnBZvEs="></latexit>



Down-‐sampling:	  summary	  

REMOVE	  	  
N-1	  zeros	  

p[n] =
+1X

k=�1
�[n� kN ]

<latexit sha1_base64="6sm8jh3Nk7pSAaILv173LCwTaCU="></latexit>

xb[n] = xp[nN ]

<latexit sha1_base64="YpZ0skvjqkyZ6P3pUBJchRg9bxs=">AAACIXicbVDLSsNAFJ3UV42vqks3g6XgqiSiWEGh4MaNpYJ9QBrCZDpph04mYWYiLSG/4sZfceNCke7En3H6WNjWAwOHc87lzj1+zKhUlvVt5NbWNza38tvmzu7e/kHh8Kgpo0Rg0sARi0TbR5IwyklDUcVIOxYEhT4jLX9wN/Fbz0RIGvEnNYqJG6IepwHFSGnJK1RKLe/hBnYCgXAKOzHN0lpmlmqLks5k5tDzHe7eDr3Y4TXXKxStsjUFXCX2nBTBHHWvMO50I5yEhCvMkJSObcXKTZFQFDOSmZ1EkhjhAeoRR1OOQiLddHphBkta6cIgEvpxBafq34kUhVKOQl8nQ6T6ctmbiP95TqKCiptSHieKcDxbFCQMqghO6oJdKghWbKQJwoLqv0LcR7oZpUs1dQn28smrpHleti/Kl48Xxer1vI48OAGn4AzY4ApUwT2ogwbA4AW8gQ/wabwa78aXMZ5Fc8Z85hgswPj5BUmdomM=</latexit>

Xb(⌦) = Xp

✓
⌦
N

◆
=

1
N

+1X

k=�1
X

✓
⌦
N
� k

2⇡

N

◆

<latexit sha1_base64="WTCqIWxRCOMP6SF8JOSBjE+JTm0="></latexit>

Xb(⌦) =
1
N

+1X

k=�1
X

✓
⌦� k2⇡

N

◆

<latexit sha1_base64="uu0CIxCxW+64Q3ZI+g5B8OD/ERw="></latexit>



Down-‐sampling:	  summary	  	  
X(⌦)

<latexit sha1_base64="6Hwp+XuyeuMRaXNPUzZ5o7+zoY8=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKRL0FvHgzgnlIsoTZSW8yZGZ3mZkVQshXePGgiFc/x5t/4yTZgyYWNBRV3XR3BYng2rjut7Oyura+sZnbym/v7O7tFw4OGzpOFcM6i0WsWgHVKHiEdcONwFaikMpAYDMY3kz95hMqzePowYwS9CXtRzzkjBorPbZKnTuJfXrWLRTdsjsDWSZeRoqQodYtfHV6MUslRoYJqnXbcxPjj6kynAmc5DupxoSyIe1j29KIStT+eHbwhJxapUfCWNmKDJmpvyfGVGo9koHtlNQM9KI3Ff/z2qkJr/wxj5LUYMTmi8JUEBOT6fekxxUyI0aWUKa4vZWwAVWUGZtR3obgLb68TBrnZa9SvrivFKvXWRw5OIYTKIEHl1CFW6hBHRhIeIZXeHOU8+K8Ox/z1hUnmzmCP3A+fwDUNI/B</latexit>

Xp(⌦)

<latexit sha1_base64="U0M177X30XY2P5J5l6QCri8haic=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahXsquVNRbwYs3K9gP2C4lm2bb0GyyJFmhLP0ZXjwo4tVf481/Y9ruQVsfDDzem2FmXphwpo3rfjuFtfWNza3idmlnd2//oHx41NYyVYS2iORSdUOsKWeCtgwznHYTRXEcctoJx7czv/NElWZSPJpJQoMYDwWLGMHGSn63n1R79zEd4vN+ueLW3DnQKvFyUoEczX75qzeQJI2pMIRjrX3PTUyQYWUY4XRa6qWaJpiM8ZD6lgocUx1k85On6MwqAxRJZUsYNFd/T2Q41noSh7Yzxmakl72Z+J/npya6DjImktRQQRaLopQjI9HsfzRgihLDJ5Zgopi9FZERVpgYm1LJhuAtv7xK2hc1r167fKhXGjd5HEU4gVOoggdX0IA7aEILCEh4hld4c4zz4rw7H4vWgpPPHMMfOJ8/X3+QpA==</latexit>

Xb(⌦)

<latexit sha1_base64="eqU5JD9bqmsTnurolfMrGoWfKeY=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoMQL2FX4uMY8OLNCOYBmyXMTmaTIbMzy0yvEJZ8hhcPinj1a7z5N06SPWhiQUNR1U13V5gIbsB1v53C2vrG5lZxu7Szu7d/UD48ahuVaspaVAmluyExTHDJWsBBsG6iGYlDwTrh+Hbmd56YNlzJR5gkLIjJUPKIUwJW8rv9sNq7j9mQnPfLFbfmzoFXiZeTCsrR7Je/egNF05hJoIIY43tuAkFGNHAq2LTUSw1LCB2TIfMtlSRmJsjmJ0/xmVUGOFLalgQ8V39PZCQ2ZhKHtjMmMDLL3kz8z/NTiG6CjMskBSbpYlGUCgwKz/7HA64ZBTGxhFDN7a2YjogmFGxKJRuCt/zyKmlf1Lx67fKhXmlc5XEU0Qk6RVXkoWvUQHeoiVqIIoWe0St6c8B5cd6dj0VrwclnjtEfOJ8/SPCQkw==</latexit>

REMOVE	  	  
N-1	  zeros	  

p[n] =
+1X

k=�1
�[n� kN ]

<latexit sha1_base64="6sm8jh3Nk7pSAaILv173LCwTaCU="></latexit>

xb[n] = xp[nN ]

<latexit sha1_base64="YpZ0skvjqkyZ6P3pUBJchRg9bxs=">AAACIXicbVDLSsNAFJ3UV42vqks3g6XgqiSiWEGh4MaNpYJ9QBrCZDpph04mYWYiLSG/4sZfceNCke7En3H6WNjWAwOHc87lzj1+zKhUlvVt5NbWNza38tvmzu7e/kHh8Kgpo0Rg0sARi0TbR5IwyklDUcVIOxYEhT4jLX9wN/Fbz0RIGvEnNYqJG6IepwHFSGnJK1RKLe/hBnYCgXAKOzHN0lpmlmqLks5k5tDzHe7eDr3Y4TXXKxStsjUFXCX2nBTBHHWvMO50I5yEhCvMkJSObcXKTZFQFDOSmZ1EkhjhAeoRR1OOQiLddHphBkta6cIgEvpxBafq34kUhVKOQl8nQ6T6ctmbiP95TqKCiptSHieKcDxbFCQMqghO6oJdKghWbKQJwoLqv0LcR7oZpUs1dQn28smrpHleti/Kl48Xxer1vI48OAGn4AzY4ApUwT2ogwbA4AW8gQ/wabwa78aXMZ5Fc8Z85hgswPj5BUmdomM=</latexit>

  ↓ N 

	  	  	  	  	  	  	  	  	  Equivalent	  !!	  
One	  block=	  two	  blocks	  

⌦s =
2⇡

N

<latexit sha1_base64="GgI6yvY5YZbFoiPqWFgR3Qo0fdo=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokpaIboeDGlVawD2hCmEwn7dCZSZiZCCVk46+4caGIWz/DnX/jtM1CWw9cOJxzL/feEyaMKu0431ZpZXVtfaO8Wdna3tnds/cPOipOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemG4+up330kUtFYPOhJQnyOhoJGFCNtpMA+8u44GaJAXXmRRDirewnNs9s8sKtOzZkBLhO3IFVQoBXYX94gxiknQmOGlOq7TqL9DElNMSN5xUsVSRAeoyHpGyoQJ8rPZg/k8NQoAxjF0pTQcKb+nsgQV2rCQ9PJkR6pRW8q/uf1Ux1d+hkVSaqJwPNFUcqgjuE0DTigkmDNJoYgLKm5FeIRMkFok1nFhOAuvrxMOvWa26id3zeqzVoRRxkcgxNwBlxwAZrgBrRAG2CQg2fwCt6sJ+vFerc+5q0lq5g5BH9gff4AwOeWdg==</latexit>

N⌦s

<latexit sha1_base64="CuuyYdJKDNDz41OfcpCKatmOxA8=">AAACC3icbVDLSsNAFJ3UV42vqEs3oaXgKiSlohuh4MZVrWAf0IQwmU7aoZNJmJkIJWTvxl9x40IRt/6AO//GaRtBWw9cOJxzL/feEySUCGnbX1ppbX1jc6u8re/s7u0fGIdHXRGnHOEOimnM+wEUmBKGO5JIivsJxzAKKO4Fk6uZ37vHXJCY3clpgr0IjhgJCYJSSb5Rqbk3ER5BX1y6IYcoq7sJybNWrrd+DN+o2pY9h7lKnIJUQYG2b3y6wxilEWYSUSjEwLET6WWQS4IoznU3FTiBaAJHeKAogxEWXjb/JTdrShmaYcxVMWnO1d8TGYyEmEaB6oygHItlbyb+5w1SGV54GWFJKjFDi0VhSk0Zm7NgzCHhGEk6VQQiTtStJhpDFYlU8ekqBGf55VXSrVtOwzq7bVSbVhFHGZyACjgFDjgHTXAN2qADEHgAT+AFvGqP2rP2pr0vWktaMXMM/kD7+AYyhJp4</latexit>

lucamartino
Text Box
Recall that we are plotting the module of the FTs



Up-‐sampling:	  “adding	  samples”	  

Now,	  we	  consider	  the	  “opposite”	  problem,	  we	  come	  
back….	  We	  consider	  the	  problem	  of	  “adding	  
samples”	  is	  a	  suitable/proper	  way.	  

This	  is	  related	  to	  the	  interpolaJon	  problem:	  
InterpolaJng	  a	  signal	  in	  discrete	  Jme	  and	  obtaining	  other	  signal	  
in	  discrete	  Jme	  (instead	  of	  obtaining	  a	  signal	  in	  	  conJnuous	  
Jme	  as	  we	  have	  previously	  seen).	  



Up-‐sampling:	  try	  to	  recover	  	  
the	  down-‐sampled	  signal	  

Factor	  N=3	  

We	  “decide”	  these	  values…	  
Can	  we	  reconstruct/recover	  perfectly	  
the	  previously	  down-‐sampled	  signal?	  



Up-‐sampling:	  two	  steps	  (again)	  

“ADD”	  	  
N-‐1	  zeros	  

“FILL”,	  with	  
values,	  the	  	  
N-‐1	  zeros	  

First	  step	   Second	  step	  

xi[n] = x[n]

<latexit sha1_base64="Z6xX0Yb9j34eUknfbFy9c9+p6FM=">AAACA3icbVBNS8MwGE7n16xfVW96CY6Bp9HKRC/KwIvHCe4DulLSLN3C0rQkqWyUgRf/ihcPinj1T3jz35h1PejmA0mePM/7krxPkDAqlW1/G6WV1bX1jfKmubW9s7tn7R+0ZZwKTFo4ZrHoBkgSRjlpKaoY6SaCoChgpBOMbmZ+54EISWN+ryYJ8SI04DSkGCkt+dZRdewTl3tXYz/Rhzn2aX7Tm29V7JqdAy4TpyAVUKDpW1+9fozTiHCFGZLSdexEeRkSimJGpmYvlSRBeIQGxNWUo4hIL8tnmMKqVvowjIVeXMFc/d2RoUjKSRToygipoVz0ZuJ/npuq8NLLKE9SRTiePxSmDKoYzgKBfSoIVmyiCcKC6r9CPEQCYaVjM3UIzuLIy6R9VnPqtfO7eqVxXcRRBsfgBJwCB1yABrgFTdACGDyCZ/AK3own48V4Nz7mpSWj6DkEf2B8/gAdR5cv</latexit>

We	  would	  like:	  



Up-‐sampling:	  first	  step	  
	  	  	  	  	  	  	  	  	  Note	  that	  x_p[n]	  is	  equal	  to	  x_e[n]	  !!!	  	  	  

x[n]

<latexit sha1_base64="vSC461ee7bCqkWNGpngjB/TMHHU=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7AekoWy2m3bp7ibsbsQS+he8eFDEq3/Im//GTZuDtj4YeLw3w8y8MOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUEdomMY9VL8SaciZp2zDDaS9RFIuQ0244uc397iNVmsXywUwTGgg8kixiBJtcevJlMKjW3Lo7B1olXkFqUKA1qH71hzFJBZWGcKy177mJCTKsDCOczir9VNMEkwkeUd9SiQXVQTa/dYbOrDJEUaxsSYPm6u+JDAutpyK0nQKbsV72cvE/z09NdB1kTCapoZIsFkUpRyZG+eNoyBQlhk8twUQxeysiY6wwMTaeig3BW355lXQu6l6jfnnfqDVvijjKcAKncA4eXEET7qAFbSAwhmd4hTdHOC/Ou/OxaC05xcwx/IHz+QMX1I5I</latexit>

xp[n]

<latexit sha1_base64="mP8FuRLE63L2NsT0KeJPUBUBU6E=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9mVFj0WvXisYD9gu5Rsmm1js8mSZMWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaScc38z8ziNVmklxbyYJDWI8FCxiBBsrtZ/6iS+CfrniVt050CrxclKBHM1++as3kCSNqTCEY619z01MkGFlGOF0WuqlmiaYjPGQ+pYKHFMdZPNrp+jMKgMUSWVLGDRXf09kONZ6Eoe2M8ZmpJe9mfif56cmugoyJpLUUEEWi6KUIyPR7HU0YIoSwyeWYKKYvRWREVaYGBtQyYbgLb+8StoXVa9Wrd/VKo3rPI4inMApnIMHl9CAW2hCCwg8wDO8wpsjnRfn3flYtBacfOYY/sD5/AGfMY8r</latexit>

xe[n] = xp[n]

<latexit sha1_base64="Vvd7eAMdhAX9eINivG6Qz0Chg4o=">AAAB9HicbVDLSsNAFJ3UV62vqks3g0VwVRKp6EYo6MJlBfuANITJ9KYdOpnEmUlpCf0ONy4UcevHuPNvnLZZaOuByz2ccy9z5wQJZ0rb9rdVWFvf2Nwqbpd2dvf2D8qHRy0Vp5JCk8Y8lp2AKOBMQFMzzaGTSCBRwKEdDG9nfnsEUrFYPOpJAl5E+oKFjBJtJG/sgyu8m7GfmOaXK3bVngOvEicnFZSj4Ze/ur2YphEITTlRynXsRHsZkZpRDtNSN1WQEDokfXANFSQC5WXzo6f4zCg9HMbSlNB4rv7eyEik1CQKzGRE9EAtezPxP89NdXjtZUwkqQZBFw+FKcc6xrMEcI9JoJpPDCFUMnMrpgMiCdUmp5IJwVn+8ippXVSdWvXyoVap3+VxFNEJOkXnyEFXqI7uUQM1EUVP6Bm9ojdrZL1Y79bHYrRg5TvH6A+szx+0AZIS</latexit>



Up-‐sampling:	  recover	  the	  down-‐
sampled	  signal	  (second	  step)	  

Xi(⌦) = Hi(⌦)Xp(⌦)

<latexit sha1_base64="QgqofzUUII44r761XeXFsDw2/WI="></latexit>

Xi(⌦) = X(⌦)

<latexit sha1_base64="FyHDo0fvHOAlNaW8qYboR6xh+Zk="></latexit>

In	  this	  example,	  
we	  obtain:	  

X(⌦)

<latexit sha1_base64="UFv6B4doRxja5QBELdj/yxo5bag=">AAACDnicbVDLSsNAFJ3UV42vqEs3wVKom5JIRV0IBTfurGAf0IYwmd62QyeTMDORltAvcOOvuHGhiFvX7vwbp2kX2npgmHPOvZeZe4KYUakc59vIrayurW/kN82t7Z3dPWv/oCGjRBCok4hFohVgCYxyqCuqGLRiATgMGDSD4fW03nwAIWnE79U4Bi/EfU57lGClLd8qFkc+tLl3NfJjfZla0kxORavUuQ2hj098q+CUnQz2MnHnpIDmqPnWV6cbkSQErgjDUrZdJ1ZeioWihMHE7CQSYkyGuA9tTTkOQXppts7ELmqna/cioQ9Xdub+nkhxKOU4DHRniNVALtam5n+1dqJ6F15KeZwo4GT2UC9htorsaTZ2lwogio01wURQ/VebDLDAROkETR2Cu7jyMmmclt1K+eyuUqhezuPIoyN0jErIReeoim5QDdURQY/oGb2iN+PJeDHejY9Za86YzxyiPzA+fwDg3Jq1</latexit>

Xp(⌦) = Xe(⌦)

<latexit sha1_base64="+1jC17Ue2CXGl/Uhp+B4A+u7OxM=">AAACHHicbVDLSgMxFM34rOOr6tLNYCnUTZnRirooFNy4s4J9QDsMmfS2Dc1khiQjLaUf4sZfceNCETcuBP/GzLSCth4IOefce0nu8SNGpbLtL2NpeWV1bT2zYW5ube/sZvf26zKMBYEaCVkomj6WwCiHmqKKQTMSgAOfQcMfXCX1xj0ISUN+p0YRuAHucdqlBCttednT/NCDFnfLQy/Sl6klTWUiml5UaN8E0MPH5aYHP9zL5uyincJaJM6M5NAMVS/70e6EJA6AK8KwlC3HjpQ7xkJRwmBitmMJESYD3IOWphwHIN1xutzEymunY3VDoQ9XVur+nhjjQMpR4OvOAKu+nK8l5n+1Vqy6F+6Y8ihWwMn0oW7MLBVaSVJWhwogio00wURQ/VeL9LHAROk8TR2CM7/yIqmfFJ1S8ey2lKtczuLIoEN0hArIQeeogq5RFdUQQQ/oCb2gV+PReDbejPdp65IxmzlAf2B8fgPtYp//</latexit>

Xp(⌦)

<latexit sha1_base64="gtRY5OcbVH4AkrY491rxBiEumQk=">AAACEHicbVC7TsMwFHV4lvIKMLJEVBVlqRJUBAxIlVjYKBJ9SG0UOe5Na9VxIttBrap+Agu/wsIAQqyMbPwNbpoBWo5k+Zxz75V9jx8zKpVtfxtLyyura+u5jfzm1vbOrrm335BRIgjUScQi0fKxBEY51BVVDFqxABz6DJr+4Hpabz6AkDTi92oUgxviHqcBJVhpyzOPi0MP2ty9GnqxvvJa0lRORcuLS53bEHr4xDMLdtlOYS0SJyMFlKHmmV+dbkSSELgiDEvZduxYuWMsFCUMJvlOIiHGZIB70NaU4xCkO04XmlhF7XStIBL6cGWl7u+JMQ6lHIW+7gyx6sv52tT8r9ZOVHDhjimPEwWczB4KEmapyJqmY3WpAKLYSBNMBNV/tUgfC0yUzjCvQ3DmV14kjdOyUymf3VUK1cssjhw6REeohBx0jqroBtVQHRH0iJ7RK3oznowX4934mLUuGdnMAfoD4/MHgCubmA==</latexit>

Hi(⌦)

<latexit sha1_base64="z/dkKJRM2gaKSVXAu+h2yYnB9fA=">AAACHXicbVDLSgMxFM3UVx1foy7dDJZC3ZQZqagLoeCmOyvYB7TDkElv29BMZkgy0lL6I278FTcuFHHhRvwb02kFbT0Qcs6595LcE8SMSuU4X0ZmZXVtfSO7aW5t7+zuWfsHdRklgkCNRCwSzQBLYJRDTVHFoBkLwGHAoBEMrqf1xj0ISSN+p0YxeCHucdqlBCtt+VYpP/Shxb2roR/ry9SSpjIVTT8utG9C6OETs+LTH+5bOafopLCXiTsnOTRH1bc+2p2IJCFwRRiWsuU6sfLGWChKGEzMdiIhxmSAe9DSlOMQpDdOt5vYee107G4k9OHKTt3fE2McSjkKA90ZYtWXi7Wp+V+tlajuhTemPE4UcDJ7qJswW0X2NCq7QwUQxUaaYCKo/qtN+lhgonSgpg7BXVx5mdRPi26peHZbypUv53Fk0RE6RgXkonNURhVURTVE0AN6Qi/o1Xg0no03433WmjHmM4foD4zPb/Wun+8=</latexit>

N = 3

<latexit sha1_base64="UCCLintPobS6BuJUpyDPYvHiZB4="></latexit>

lucamartino
Text Box
Recall that we are plotting the module of the FTs



Ideal	  interpolator	  for	  up-‐sampling	  	  

Hi(⌦)

<latexit sha1_base64="HOfSbhSTZLURkzD7fuNSQWtfDFY="></latexit>

periodic 2⇡

<latexit sha1_base64="2vxcMe/WZakhT2ia6XTdWpWDCKA="></latexit>

Hi(⌦)

<latexit sha1_base64="z/dkKJRM2gaKSVXAu+h2yYnB9fA=">AAACHXicbVDLSgMxFM3UVx1foy7dDJZC3ZQZqagLoeCmOyvYB7TDkElv29BMZkgy0lL6I278FTcuFHHhRvwb02kFbT0Qcs6595LcE8SMSuU4X0ZmZXVtfSO7aW5t7+zuWfsHdRklgkCNRCwSzQBLYJRDTVHFoBkLwGHAoBEMrqf1xj0ISSN+p0YxeCHucdqlBCtt+VYpP/Shxb2roR/ry9SSpjIVTT8utG9C6OETs+LTH+5bOafopLCXiTsnOTRH1bc+2p2IJCFwRRiWsuU6sfLGWChKGEzMdiIhxmSAe9DSlOMQpDdOt5vYee107G4k9OHKTt3fE2McSjkKA90ZYtWXi7Wp+V+tlajuhTemPE4UcDJ7qJswW0X2NCq7QwUQxUaaYCKo/qtN+lhgonSgpg7BXVx5mdRPi26peHZbypUv53Fk0RE6RgXkonNURhVURTVE0AN6Qi/o1Xg0no03433WmjHmM4foD4zPb/Wun+8=</latexit>

� ⇡

N

<latexit sha1_base64="YXq9XPXHTsdk0Q46nLxKZPdgkdY="></latexit>

⇡

N

<latexit sha1_base64="Iqx8q0rOCogej8qvJumB6zKWlj8="></latexit>

In	  1me,	  it	  will	  a	  convolu1on	  with	  an	  “octopus”	  :	  

It	  is	  zero	  at	  each	  mulJple	  of	  N	  
	  	  	  	  	  	  	  	  (in	  this	  example,	  N=3)	  

Sinc	  funcJon	  in	  discrete	  Jme	  	  
(“octopus”	  in	  discrete	  Jme;	  “el	  pulpo”!!)	  



Ideal	  interpolator	  for	  up-‐sampling	  	  

TIME	   FREQUENCY	  

Xe(⌦)

<latexit sha1_base64="xz3Uz4F0chHwWNfGqupUZoeIaDA="></latexit>

Xb(⌦)

<latexit sha1_base64="/1rUijG4XCm7WcQWvwK6jYX+s6Q="></latexit>

Hi(⌦)

<latexit sha1_base64="UfaWFz8ASspWqNAmaNkQkvCEzHA="></latexit>

Xi(⌦)

<latexit sha1_base64="0lSkEwCJ+PiCubwMwxC+fpFhCSw="></latexit>

lucamartino
Text Box
Recall that we are plotting the module of the FTs




