
Introduc)on	  to	  	  
the	  channel	  coding	  	  



Part	  0:	  Intro	  



From	  Source	  Coding	  to	  Channel	  coding	  

•  In	  data	  compression	  (source	  coding),	  we	  try	  to	  
remove	  “redundancy”	  

•  	  In	  channel	  coding,	  we	  try	  to	  add	  “redundancy”	  
in	  a	  clever	  way.	  



From	  Source	  Coding	  to	  Channel	  Coding	  

•  The	  reasons	  (to	  add	  redundancy)	  are	  
①  	  reliability	  (“fiabilidad”)	  in	  the	  communica)on	  

(detect	  and	  correct	  errors;	  prob.	  Error	  Pe)	  
②  	  velocity/speed	  in	  the	  transmission	  (R)	  

There	  is	  a	  trade-‐off	  reliability-‐velocity	  



Reliability	  

•  The	  main	  goal	  when	  we	  transmit	  something	  is	  
“reliability”	  (“fiabilidad”)	  

•  	  The	  reliability	  is	  measured	  by	  the	  Probability	  of	  
error,	  Pe,	  in	  detec)on.	  

A	  guess	  
regarding	  the	  	  
INFO-‐sent	  

Channel	  
INFO-‐	  sent	   INFO-‐	  received	  

Decoder/
decisor	  

We	  can	  compute	  the	  
probability	  of	  error	  
(the	  rate	  of	  error)	  



Reliability	  

•  	  We	  can	  always	  obtain	  a	  smaller	  Pe	  if	  we	  add	  bits	  
of	  “redundancy”:	  	  

Num. of bits of Red.!1
<latexit sha1_base64="tkf6Njdz6PsdIvSzNudRT9W9qYc=">AAACFnicbVC7SgNBFJ2NrxhfUUubwSDYuOz6QO0CNlYSxaiQDWF2MpsMmccyc1cNS77Cxl+xsVDEVuz8Gycxha8Dl3s4515m7olTwS0EwYdXmJicmp4pzpbm5hcWl8rLKxdWZ4ayOtVCm6uYWCa4YnXgINhVahiRsWCXce9o6F9eM2O5VufQT1lTko7iCacEnNQqb0Uy1rf5SSZ9rBMcc7DDfsba/iAyvNMFYoy+wRFXCfRb5UrgByPgvyQckwoao9Yqv0dtTTPJFFBBrG2EQQrNnBjgVLBBKcosSwntkQ5rOKqIZLaZj84a4A2ntHGijSsFeKR+38iJtLYvYzcpCXTtb28o/uc1MkgOmjlXaQZM0a+Hkkxg0HiYEW5zwyiIviOEGu7+immXGELBJVlyIYS/T/5LLrb9cMffO92tVA/HcRTRGlpHmyhE+6iKjlEN1RFFd+gBPaFn79579F6816/RgjfeWUU/4L19Av3Gn0M=</latexit>

Pe ! 0
<latexit sha1_base64="v7+c6AgIZaMu4I53urwtc/MP+aw="></latexit>

Channel	  
INFO+RED	  

Decoder/
decisor	  

Pe ! 0
<latexit sha1_base64="v7+c6AgIZaMu4I53urwtc/MP+aw="></latexit>



Reliability	  

•  	  We	  will	  see	  that,	  in	  certain	  cases,	  we	  can	  also	  
have	  (stronger	  result)	  	  if	  (R<C;	  a	  certain	  value	  C)	  	  

Pe ! 0
<latexit sha1_base64="v7+c6AgIZaMu4I53urwtc/MP+aw="></latexit>

Channel	  
INFO+RED	  

Decoder/
decisor	  

Pe ! 0
<latexit sha1_base64="v7+c6AgIZaMu4I53urwtc/MP+aw="></latexit>

Num of Bits of the codewords (INFO+RED)!1
<latexit sha1_base64="WJDa4LgLBo/fnXUkg+csPXGi67Q="></latexit>

Keeping constant R !!!

<latexit sha1_base64="I9itqr6x5/tQKkTQI16rEPLDF+8=">AAACCHicbVC7SgNBFJ2Nrxhfq5YWTkwEq7DrAy2DNoJNFPOAJITZyU0yZHZmmZkVw5LSxl+xsVDE1k+w82+cPAqNHrhwOOde7r0niDjTxvO+nNTc/MLiUno5s7K6tr7hbm5VtIwVhTKVXKpaQDRwJqBsmOFQixSQMOBQDfoXI796B0ozKW7NIIJmSLqCdRglxkotd7cRBvI+uQKImOhiKoU2RBicv8njbDY7bLk5r+CNgf8Sf0pyaIpSy/1stCWNQxCGcqJ13fci00yIMoxyGGYasYaI0D7pQt1SQULQzWT8yBDvW6WNO1LZskeM1Z8TCQm1HoSB7QyJ6elZbyT+59Vj0zlrJkxEsQFBJ4s6McdG4lEquM0UUMMHlhCqmL0V0x5RhBqbXcaG4M++/JdUDgv+UeHk+jhXPJ/GkUY7aA8dIB+doiK6RCVURhQ9oCf0gl6dR+fZeXPeJ60pZzqzjX7B+fgGvcqYfA==</latexit>



Trade-‐off	  reliability-‐velocity	  

•  	  Add	  more	  redundancy,	  reduce	  the	  speed/rate	  of	  
transmission	  (of	  the	  “info”)	  

•  	  With	  smart/clever	  coding	  algorithms,	  we	  can	  
obtain	  small	  Pe	  and	  high	  speed.	  

•  	  However,	  each	  channel	  has	  a	  characteris)c	  
maximum	  speed/rate…	  	  



Channel	  Capacity	  (Shannon)	  

•  However,	  each	  channel	  has	  a	  characteris)c	  
maximum	  speed/rate,	  that	  is	  called	  Channel	  
Capacity	  (C),	  	  	  

•  	  Capacity:	  “	  highest	  informa)on	  rate	  (i.e.,	  speed)	  
that	  can	  be	  achieved	  (in	  a	  channel)	  with	  
arbitrarily	  small	  error	  probability	  (Pe)”	  



Channel	  Capacity	  

•  Consider	  a	  binary	  	  channel	  with	  C=0.7	  	  (just	  an	  
example).	  

•  	  Bits	  of	  info:	  k	  
•  	  Bits	  of	  red:	  	  m	  

•  Bits	  of	  codeword:	  n=k+m	  	  

•  	  Velocity/Speed/Rate:	  	  	  R=	  k/n	  
m!1 =) Pe ! 0, R! 0

<latexit sha1_base64="eW+XRu3Z1FjUOF8aDxVecQZovMw="></latexit>

n
<latexit sha1_base64="h6uK0T8RlKy6qoBrDtRIFIb/SJw="></latexit>

with constant R !!!

<latexit sha1_base64="rhjLcZnbLQ1TyE4Jpv0ITiaJGdU="></latexit>

if R < C !!
<latexit sha1_base64="9/GQKHYxw5pW8P7nS1Wk25fCNn8="></latexit>



Channel	  Capacity	  

•  Shannon	  says:	  “	  if	  R<C,	  we	  could	  find	  a	  code	  with	  
rate	  R	  such	  that	  Pe	  vanishes	  to	  zero.	  For	  R>C,	  it	  is	  
not	  possible.”	  	  	  



First	  part:	  Channels	  and	  	  
Channel	  Capacity	  



Discrete	  Memoryless	  Channel	  (DMC)	  

•  	  AS	  random	  variables,	  in	  formula	  

•  Likelihood	  (	  in	  our	  case,	  CHANNEL	  MATRIX)	  	  	  
€ 

Y (t) = X(t) + E(t)
t=	  )me	  
Y(t)=	  received	  observa)on	  at	  )me	  t	  
X(t)=	  trasmiced	  informa)on	  at	  )me	  	  t	  
E(t)=	  noise	  perturba)on	  

€ 

p(yt | xt )

€ 

p(y | x)

Streams	  of	  bits	  



•  	  	  	  	  	  	  	  	  	  	  	  	  	  	  CHANNEL	  MATRIX	  

•  Graphically,	  
€ 

p(y | x) =

p(y =1 | x =1) ...
... ....

.... p(y = L | x =1)
... ...

... ...
p(y =1 | x = M) ....

... ...

... p(y = L | x = M)

⎡ 

⎣ 

⎢ 
⎢ 
⎢ 
⎢ 

⎤ 

⎦ 

⎥ 
⎥ 
⎥ 
⎥ 

€ 

M × L

……	  

€ 

X

€ 

Y

All	  the	  branches	  have	  no	  zero	  probabili)es.	  The	  probabili)es	  of	  
the	  branches	  which	  go	  out	  from	  a	  input	  node,	  must	  sum	  1.	  

€ 

1

€ 

M € 

1

€ 

L

Rows	  must	  sum	  1.	  

Discrete	  Memoryless	  Channel	  (DMC)	  



•  	  We	  usually	  know	  also	  p(x)	  

•  With	  p(y|x),	  we	  have	  all	  the	  sta)s)cal	  informa)on:	  

……	  

€ 

X

€ 

Y

€ 

1

€ 

M € 

1

€ 

L

€ 

p(y | x)
€ 

p(x)

€ 

p(x,y) = p(y | x)p(x)

Discrete	  Memoryless	  Channel	  (DMC)	  



•  	  We	  can	  compute	  “everything”	  

•  We	  have	  the	  5	  elements	  

……	  

€ 

X

€ 

Y

€ 

1

€ 

M € 

1

€ 

L

€ 

p(y | x)
€ 

p(x)

€ 

p(x,y) = p(y | x)p(x)

€ 

p(y) = p(x = i,y)
i=1

M

∑ = p(y | x = i)p(x = i)
i=1

M

∑

€ 

p(x | y) =
p(x,y)
p(y)

=
p(y | x)p(x)

p(y)
=

p(y | x)p(x)

p(y | x = i)p(x = i)
i=1

M

∑

€ 

p(x)

€ 

p(y | x)

€ 

p(y)

€ 

p(x | y)

€ 

p(y,x)

Discrete	  Memoryless	  Channel	  (DMC)	  



•  	  This	  formula	  

•  can	  be	  recall	  graphically	  

€ 

Y = j

€ 

p(y = j | x = k)

€ 

p(y = j) = p(x = i,y = j)
i=1

M

∑ = p(y = j | x = i)p(x = i)
i=1

M

∑

€ 

p(y = j | x = s)€ 

p(y = j | x = i)

€ 

X = k
€ 

X = s
€ 

X = i

We	  have	  to	  consider	  all	  branches	  which	  
go	  in	  the	  j-‐th	  output	  node.	  

€ 

p(y = j | x) = 0

The	  other	  branches	  (that	  do	  not	  
appear)	  have	  null	  probabili)es	  

Discrete	  Memoryless	  Channel	  (DMC)	  



IDEAL	  CHANNEL	  

•  	  clearly,	  we	  would	  like	  X=Y	  (ideal	  case).	  
•  In	  this	  case,	  we	  obtain	  maxima	  mutual	  informa)on	  

(	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ).	  

•  	  zero	  loss	  of	  informa)on	  (	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ):	  

	  Namely,	  if	  I	  know	  Y	  I	  have	  no	  uncertainty	  with	  respect	  to	  X	  !!!	  

€ 

IXY = HX = HY

€ 

HX |Y = 0

……	  

€ 

X

€ 

Y
IDEAL	  CHANNEL	  



The	  worst	  case:	  	  
X	  and	  Y	  are	  independent	  

•  Informa)on	  about	  Y,	  give	  me	  no	  informa)on	  about	  X.	  

•  In	  this	  case	  we	  have	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  (minimum).	  
•  	  Maximum	  of	  the	  loss	  of	  informa)on	  

•  	  knowing	  Y,	  the	  uncertainty	  over	  X	  does	  not	  decrease.	  
€ 

IXY = 0

€ 

HX |Y = HX

€ 

p(y | x) =
p(x,y)
p(x)

=
p(y)p(x)
p(x)

= p(y)
€ 

p(x,y) = p(x)p(y)



•  When	  does	  it	  happen?	  

……	  

€ 

X

€ 

Y

€ 

p(x)

€ 

p(y)

€ 

p(y | x) =
1
L

= 1
num. of branches going out from one input (and num. of outputs)

The	  worst	  possible	  channel	  

All	  the	  inputs	  have	  the	  same	  number	  of	  arrows	  with	  the	  same	  
probabili)es	  (B=3,	  the	  probabili)es	  are	  1/3,	  1/3,1/3).	  

The	  worst	  case:	  	  
X	  and	  Y	  are	  independent	  

€ 

p(x,y) = p(y | x)p(x) =
1
L
p(x),

p(y) = p(xi,y) =
i
∑ 1

L
p(xi)

i
∑ =

1
L
⇒ p(y) = p(y | x)

p(x, y) = p(y)p(x)!!!
<latexit sha1_base64="WSS07g71XyvfIxKE6MXfD//3fps="></latexit>



Other	  interes)ng	  cases	  
•  When	  Y=X	  we	  have	  

•  One	  condi)onal	  entropy	  can	  be	  zero	  and	  the	  other	  one	  no,	  even	  
when	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  .	  For	  instance,	  

€ 

IXY = HX = HY

€ 

HX |Y = 0

€ 

X

€ 

Y

€ 

HY |X = 0

€ 

Y ≠ X

€ 

1

€ 

2

€ 

3

€ 

4 € 

1

€ 

2
€ 

HY |X = 0

€ 

HX |Y ≠ 0

Uncertainty	  about	  Y	  
if	  I	  know	  X?	  ZERO.	  

Both!!	  



Other	  interes)ng	  cases	  
•  	  The	  corresponding	  plot	  is:	  

€ 

X

€ 

Y

€ 

1

€ 

2

€ 

3

€ 

4 € 

1

€ 

2
€ 

HY |X = 0

€ 

HX |Y ≠ 0

€ 

HXY

€ 

HX

€ 

HY

€ 

HX |Y

€ 

IXY

€ 

HXY = HX

€ 

HY = IXY



Other	  interes)ng	  cases	  
•  	  The	  symmetric	  case	  is	  

•  Please	  note	  that	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  however	  the	  channel	  can	  be	  
considered	  “ideal”	  since	  the	  info	  lost	  is	  zero!	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

€ 

X

€ 

Y

€ 

Y ≠ X

€ 

1

€ 

2

€ 

3

€ 

4€ 

1

€ 

2

€ 

HX |Y = 0

€ 

HY |X ≠ 0

Info	  lost	  in	  the	  
channel	  

Uncertainty	  about	  X	  
if	  I	  know	  Y?	  ZERO.	  



•  	  	  The	  corresponding	  plot	  is:	  

€ 

HX |Y = 0

€ 

HY |X ≠ 0

€ 

HXY

€ 

HX

€ 

HY

€ 

HY |X

€ 

IXY

€ 

HXY = HY

€ 

IXY = HX

€ 

X

€ 

Y

€ 

1

€ 

2

€ 

3

€ 

4€ 

1

€ 

2

Other	  interes)ng	  cases	  



Maximize	  	  	  

•  We	  want	  to	  maximize	  the	  mutual	  informa)on.	  

•  The	  channel	  is	  given,	  we	  can	  only	  change	  p(x).	  

•  We	  look	  for	  the	  	  	  	  	  	  	  	  	  	  	  	  in	  order	  to	  maximize	  	  	  	  	  	  	  	  .	  

€ 

IXY

……	  

€ 

X

€ 

Y

€ 

p(x)

€ 

IXY

€ 

p(y | x)

€ 

p(x)

The	  channel	  matrix	  is	  given.	  



Channel	  Capacity	  

•  	  In	  general,	  we	  cannot	  obtain	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  even	  trying	  to	  
maximizing	  the	  mutual	  informa)on.	  

•  The	  CHANNEL	  CAPACITY	  is	  a	  “feature”	  of	  the	  channel:	  € 

IXY = HX

€ 

C =max
p(x )

IXY



Channel	  Capacity	  

•  In	  order	  to	  obtain	  the	  capacity	  ,we	  can	  work	  with	  two	  
expressions	  of	  the	  mutual	  informa)on:	  

€ 

p(x)

€ 

IXY = HX −HX |Y

€ 

IXY = HY −HY |X€ 

p(x | y) =
p(x,y)
p(y)

=
p(y | x)p(x)

p(y)
=

p(y | x)p(x)

p(y | x = i)p(x = i)
i=1

M

∑

€ 

p(x,y) = p(y | x)p(x)

€ 

p(y | x)

€ 

p(y) = p(x = i,y)
i=1

M

∑ = p(y | x = i)p(x = i)
i=1

M

∑

EASIER	  this	  one!	  



Channel	  Capacity	  

•  	  In	  the	  “exercises”,	  it	  is	  easy	  to	  use	  this	  one	  	  

•  But	  theore)cally,	  the	  next	  one	  is	  more	  interes)ng:	  

€ 

IXY = HX −HX |Y
€ 

IXY = HY −HY |X

INFO	  that	  PASSES	  
through	  the	  
channel	  	  (output	  
INFO)	  

INPUT	  INFO	  
LOSS	  OF	  INFO	  through	  the	  channel	  	  



Channel	  Capacity	  

•  VERY	  IMPORTANT	  OBSERVATION	  

•  The	  value	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  can	  be	  interpreted	  as	  the	  number	  of	  entries	  
(inputs/symbols)	  that	  can	  be	  used	  (simultaneously)	  without	  
having	  error	  during	  the	  transmission.	  € 

2c = number of inputs that I can use SIMULTANEOUSLY 
without having errors in detection

€ 

2capacity



Channel	  Capacity	  

•  Example:	  

•  Therefore	  I	  can	  write:	  

€ 

1

€ 

1

Seguramente	  (cualquiera	  sea	  la	  
matriz	  de	  canal)	  puedo	  u)lizar	  	  
2	  entradas	  sin	  equivocarme.	  

€ 

2

€ 

3

€ 

3

€ 

2

€ 

1

€ 

4
€ 

1

€ 

3

€ 

3

€ 

2

€ 

2c ≥ 2⇒ C ≥1
€ 

4

€ 

4

C=1	  es	  en	  el	  caso	  peor.	  

C=1	  is	  the	  worst	  case.	  

For	  sure,	  I	  can	  use	  two	  entries	  without	  
doing	  errors	  in	  detec)on.	  I	  can	  assert	  this	  
sentence	  without	  knowing	  the	  values	  p(y|x)	  	  



Channel	  Capacity	  

•  When	  	  	  	  	  	  is	  even:	  

•  For	  sure,	  I	  can	  write:	  

€ 

1

€ 

M

€ 

M

€ 

1

I	  can	  use	  M/2	  entries	  simultaneously,	  
without	  errors	  in	  detec)on.	  

€ 

2

€ 

3

€ 

3

€ 

2

€ 

2c ≥ M
2
⇒ C ≥ log2

M
2

= log2 M −1

……	  

€ 

1

€ 

4€ 

1

€ 

3

€ 

3

€ 

2

€ 

M

€ 

M −1
……	  

€ 

M −1

€ 

M



Channel	  Capacity	  

•  We	  found	  a	  lower	  bound	  for	  the	  capacity	  of	  this	  channel:	  

•  We	  can	  also	  obtain	  an	  upper	  bound.	  Indeed,	  in	  the	  ideal	  case,	  
AT	  MOST	  we	  can	  use	  all	  the	  entries:	  	  

€ 

C ≥ log2
M
2

€ 

1

€ 

M
€ 

1

€ 

2

€ 

3
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3
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2

……	  

€ 

M

€ 

2C ≤ M
C ≤ log2 M

€ 

log2
M
2
≤ C ≤ log2 M

THIS	  FORMULA	  IS	  ALWAYS	  TRUE!	  
NO	  JUST	  FOR	  THIS	  CHANNEL.	  

€ 

C ≤ log2 L
In	  this	  case,	  L=M	  

	  also	  this	  inequality	  
is	  valid	  



Upper	  Bound	  for	  Channel	  Capacity	  	  
Always	  we	  have	  

You	  can	  see	  by	  formulas,	  or	  thinking	  on	  the	  number	  of	  entries	  that	  
you	  can	  use	  simultaneously	  without	  having	  error	  in	  detec)on	  	  	  

€ 

X

€ 

Y

€ 

1

€ 

2

€ 

3

€ 

4 € 

1

€ 

2
€ 

HY |X = 0

€ 

HX |Y ≠ 0

Uncertainty	  about	  Y	  
if	  I	  know	  X?	  ZERO.	  

€ 

C ≤min(log2 M,log2 L)

M = 4
<latexit sha1_base64="tBO8F4KAf1nuCIUSFfq/JcNhnxE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexqRD0IAS9ehIjmAckSZieTZMjs7DLTK4Qln+DFgyJe/SJv/o2TZA8aLWgoqrrp7gpiKQy67peTW1peWV3Lrxc2Nre2d4q7ew0TJZrxOotkpFsBNVwKxesoUPJWrDkNA8mbweh66jcfuTYiUg84jrkf0oESfcEoWun+9qrSLZbcsjsD+Uu8jJQgQ61b/Oz0IpaEXCGT1Ji258bop1SjYJJPCp3E8JiyER3wtqWKhtz46ezUCTmySo/0I21LIZmpPydSGhozDgPbGVIcmkVvKv7ntRPsX/ipUHGCXLH5on4iCUZk+jfpCc0ZyrEllGlhbyVsSDVlaNMp2BC8xZf/ksZJ2Tstn91VStXLLI48HMAhHIMH51CFG6hBHRgM4Ale4NWRzrPz5rzPW3NONrMPv+B8fAOakI1U</latexit>

L = 2
<latexit sha1_base64="X1gjKsok69feXfoHxDGbtmLsdIU=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd2oqAch4MWDh4jmAckSZie9yZDZ2WVmVghLPsGLB0W8+kXe/Bsnj4MmFjQUVd10dwWJ4Nq47reztLyyurae28hvbm3v7Bb29us6ThXDGotFrJoB1Si4xJrhRmAzUUijQGAjGNyM/cYTKs1j+WiGCfoR7UkeckaNlR7ursudQtEtuROQReLNSBFmqHYKX+1uzNIIpWGCat3y3MT4GVWGM4GjfDvVmFA2oD1sWSpphNrPJqeOyLFVuiSMlS1pyET9PZHRSOthFNjOiJq+nvfG4n9eKzXhpZ9xmaQGJZsuClNBTEzGf5MuV8iMGFpCmeL2VsL6VFFmbDp5G4I3//IiqZdL3mnp/P6sWLmaxZGDQziCE/DgAipwC1WoAYMePMMrvDnCeXHenY9p65IzmzmAP3A+fwCWAo1R</latexit>

€ 

IXY = HY −HY |X

€ 

IXY = HX −HX |Y



Channel	  Capacity	  

•  	  In	  the	  special	  case	  of	  	  

•  We	  can	  prove	  
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C = log2
M
2

……	  
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M

1/2	  
1/2	  

1/2	  
1/2	  

1/2	  
1/2	  

1/2	  
1/2	  



Capacity	  of	  parallel	  channels	  

•  Two	  channels	  in	  parallel:	  

	  	  	  	  C1	  

	  	  	  	  C2	  

€ 

2ctot = 2c1 + 2c2

€ 

ctot = log2 2
c1 + 2c2( )


