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Example 14

Consider the following signal:

(a) Compute the Zeta Transform:
<latexit sha1_base64="YASY+nboaeBuLkqVZshV1gJ0f8g=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApVISSiK9NsejGZQX7gDSUyWTSDp1MwsxErKFu/BU3LhRx61+482+cPhZaPXDhcM693HuPnzAqlW1/Gbm5+YXFpfyyubK6tr5hbW41ZJwKTOo4ZrFo+UgSRjmpK6oYaSWCoMhnpOn3L0d+85YISWN+owYJ8SLU5TSkGCktdayd4p3LvUo7IEwhlx8ce2ardL9fOe9YBbtsjwH/EmdKCmCKWsf6bAcxTiPCFWZIStexE+VlSCiKGRma7VSSBOE+6hJXU44iIr1s/MEQFrUSwDAWuriCY/XnRIYiKQeRrzsjpHpy1huJ/3luqsIzL6M8SRXheLIoTBlUMRzFAQMqCFZsoAnCgupbIe4hgbDSoZk6BGf25b+kcVh2Tsr29VGhejGNIw92wR4oAQecgiq4AjVQBxg8gCfwAl6NR+PZeDPeJ605YzqzDX7B+PgG2fSVNQ==</latexit>

X(z) =?
(b) Say what are the zeros of the Zeta Transform.

(c) Say what the poles of the Zeta Transform and say what is the ROC.

(d) If the stand. FT exists, compute it.

<latexit sha1_base64="su7mJr3tFByPzwXw6Fv3QQw/X8c="></latexit>

x[n] = cos(n)



Example 14
(a) Thinking to the signal x[n]: the signal is growing as n grows, 
oscillating… but it is growing (even fast).
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This signal has a continuous/constant oscillation and has infinite 
energy. 

Then, the Zeta Transform does not exists !!! 
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The Zeta Transform does not exists !!!  

(b)  The Zeta Transform does not exists, then there are not “zeros” 

(c) The Zeta Transform does not exists, then is like that all the 
complex planes is formed by “poles” (all points in the complex plan 
are poles…) (no voy a  requirer está respuesta…diciendo que no 
existe ya se entiende el resto….) 

(d) Therefore, the stand. FT does not exists neither since the Zeta 
transform is an extension of the stand. FT (which admits more 
signals…)
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Consider the following signal:

(a) Compute the Zeta Transform:
<latexit sha1_base64="YASY+nboaeBuLkqVZshV1gJ0f8g=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApVISSiK9NsejGZQX7gDSUyWTSDp1MwsxErKFu/BU3LhRx61+482+cPhZaPXDhcM693HuPnzAqlW1/Gbm5+YXFpfyyubK6tr5hbW41ZJwKTOo4ZrFo+UgSRjmpK6oYaSWCoMhnpOn3L0d+85YISWN+owYJ8SLU5TSkGCktdayd4p3LvUo7IEwhlx8ce2ardL9fOe9YBbtsjwH/EmdKCmCKWsf6bAcxTiPCFWZIStexE+VlSCiKGRma7VSSBOE+6hJXU44iIr1s/MEQFrUSwDAWuriCY/XnRIYiKQeRrzsjpHpy1huJ/3luqsIzL6M8SRXheLIoTBlUMRzFAQMqCFZsoAnCgupbIe4hgbDSoZk6BGf25b+kcVh2Tsr29VGhejGNIw92wR4oAQecgiq4AjVQBxg8gCfwAl6NR+PZeDPeJ605YzqzDX7B+PgG2fSVNQ==</latexit>

X(z) =?
(b) Say what are the zeros of the Zeta Transform.

(c) Say what the poles of the Zeta Transform and say what is the ROC.

(d) If the stand. FT exists, compute it.

<latexit sha1_base64="YF0aThXsA+oCa/XU9VKg+lmqbhc="></latexit>

x[n] = 2nu[�n] +

✓
1

4

◆n

u[n� 1]



Example 15
(a) Using the direct definition:

<latexit sha1_base64="eCtyPsQxH73Pou4+w2wKAfIA5q4="></latexit>

X(z) =
+1X

n=�1
x[n]z�n

=
0X

n=�1
2nz�n +

1X

n=1

✓
1

4

◆n

z�n

=
1X

k=0

2�kzk +
1X

n=1

✓
1

4

◆n

z�n

=
1X

k=0

✓
1

2
z

◆k

+
1X

n=1

✓
1

4
z�1

◆n

=
1

1� 1
2z

+
1

4
z�1 1

1� 1
4z

�1

<latexit sha1_base64="fwUcc8KtdJ92tC8n2dznsn/k3o0="></latexit>

ONLY IF

����
1

2
z

���� < 1 and

����
1

4
z�1

���� < 1 jointly !!
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<latexit sha1_base64="fwUcc8KtdJ92tC8n2dznsn/k3o0="></latexit>

ONLY IF

����
1

2
z

���� < 1 and

����
1

4
z�1

���� < 1 jointly !!

<latexit sha1_base64="kbGTbfiw9febPgm0CZ+Met0crZ4="></latexit>

ROC: |z| < 2 and |z| > 1

4
jointly !!

<latexit sha1_base64="6pTBymos08NKII9ThxvCY8T5HLM="></latexit>

X(z) =
1

1� 1
2z

+
1

4
z�1 1

1� 1
4z

�1

=
1

1� 1
2z

+
1/4

z � 1
4

=
7
8z�

1� 1
2z

� �
z � 1

4

�

<latexit sha1_base64="b9fU74urgvcVzV7UW+eAMTRaF6w="></latexit>

2
<latexit sha1_base64="CJNPaAic2uqp7MxKMd0Mn2RE8a0="></latexit>

1

4
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 summary:

(b) zeros: two zeros, one at  z=0 and one at z=Infinity. 

(c) poles and ROC:  two poles at z=2 and z=1/4,

<latexit sha1_base64="z/rxhJCb/pt13ZV5TJv6e+uq+rs="></latexit>

X(z) =
7
8z�

1� 1
2z

� �
z � 1

4

�

<latexit sha1_base64="kbGTbfiw9febPgm0CZ+Met0crZ4="></latexit>

ROC: |z| < 2 and |z| > 1

4
jointly !!

<latexit sha1_base64="kbGTbfiw9febPgm0CZ+Met0crZ4="></latexit>

ROC: |z| < 2 and |z| > 1

4
jointly !!
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(d) We can make two considerations (we have two way of proceeding):  

- We can observe that the signal has finite energy, hence it admits 
standard FT. Then, we can compute the stand. FT by the definition or by 
the property of a delta (its FT is a complex exponential in frequency). 

- The second way is to have a look to the ROC: does the ROC include 
the circle of radius 1? YES, then standard FT exists. Moreover, we know 
that setting r=1 in the Zeta Transform, we obtain  the FT, i.e.,

<latexit sha1_base64="OuBmYsnaBappaJEZ/HKYi4EzkMY="></latexit>

z = rej⌦ =) r = 1 =) z = ej⌦
<latexit sha1_base64="RniNNZMqpp0190Hnp1gxl2rtAIY="></latexit>

X(z) =
7
8z�

1� 1
2z

� �
z � 1

4

� () X(⌦) =
7
8e

j⌦

�
1� 1

2e
j⌦
� �

ej⌦ � 1
4

�



Example 16

Consider the following signal:

Compute the Zeta Transform:
<latexit sha1_base64="YASY+nboaeBuLkqVZshV1gJ0f8g=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApVISSiK9NsejGZQX7gDSUyWTSDp1MwsxErKFu/BU3LhRx61+482+cPhZaPXDhcM693HuPnzAqlW1/Gbm5+YXFpfyyubK6tr5hbW41ZJwKTOo4ZrFo+UgSRjmpK6oYaSWCoMhnpOn3L0d+85YISWN+owYJ8SLU5TSkGCktdayd4p3LvUo7IEwhlx8ce2ardL9fOe9YBbtsjwH/EmdKCmCKWsf6bAcxTiPCFWZIStexE+VlSCiKGRma7VSSBOE+6hJXU44iIr1s/MEQFrUSwDAWuriCY/XnRIYiKQeRrzsjpHpy1huJ/3luqsIzL6M8SRXheLIoTBlUMRzFAQMqCFZsoAnCgupbIe4hgbDSoZk6BGf25b+kcVh2Tsr29VGhejGNIw92wR4oAQecgiq4AjVQBxg8gCfwAl6NR+PZeDPeJ605YzqzDX7B+PgG2fSVNQ==</latexit>

X(z) =?

<latexit sha1_base64="tnWt8DgVtOmCcJXoO3oP+ViBjqM=">AAACC3icbVDLSsNAFJ34rPVVdelmaBHcWJIi6qZQdOOygn1AEstkOmmHTiZh5kYsoXs3/oobF4q49Qfc+TdOHwttPXDhcM693HtPkAiuwba/raXlldW19dxGfnNre2e3sLff1HGqKGvQWMSqHRDNBJesARwEayeKkSgQrBUMrsZ+654pzWN5C8OE+RHpSR5ySsBInULxwZV+1dNp1MkGVXt053EZwhB7XSaAuPJk4HcKJbtsT4AXiTMjJTRDvVP48roxTSMmgQqitevYCfgZUcCpYKO8l2qWEDogPeYaKknEtJ9NfhnhI6N0cRgrUxLwRP09kZFI62EUmM6IQF/Pe2PxP89NIbzwMy6TFJik00VhKjDEeBwM7nLFKIihIYQqbm7FtE8UoWDiy5sQnPmXF0mzUnbOypWb01LtchZHDh2iIjpGDjpHNXSN6qiBKHpEz+gVvVlP1ov1bn1MW5es2cwB+gPr8wfTGprp</latexit>

x[n] =
1X

k=0

�[n� k]
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We can observe that the signal  can be re-written as:
<latexit sha1_base64="tnWt8DgVtOmCcJXoO3oP+ViBjqM=">AAACC3icbVDLSsNAFJ34rPVVdelmaBHcWJIi6qZQdOOygn1AEstkOmmHTiZh5kYsoXs3/oobF4q49Qfc+TdOHwttPXDhcM693HtPkAiuwba/raXlldW19dxGfnNre2e3sLff1HGqKGvQWMSqHRDNBJesARwEayeKkSgQrBUMrsZ+654pzWN5C8OE+RHpSR5ySsBInULxwZV+1dNp1MkGVXt053EZwhB7XSaAuPJk4HcKJbtsT4AXiTMjJTRDvVP48roxTSMmgQqitevYCfgZUcCpYKO8l2qWEDogPeYaKknEtJ9NfhnhI6N0cRgrUxLwRP09kZFI62EUmM6IQF/Pe2PxP89NIbzwMy6TFJik00VhKjDEeBwM7nLFKIihIYQqbm7FtE8UoWDiy5sQnPmXF0mzUnbOypWb01LtchZHDh2iIjpGDjpHNXSN6qiBKHpEz+gVvVlP1ov1bn1MW5es2cwB+gPr8wfTGprp</latexit>

x[n] =
1X

k=0

�[n� k]
<latexit sha1_base64="q2bz9SVB3kHVGOFVD49qONZ4u2A=">AAAB8HicbVDLSgMxFL1TX7W+qi7dBIvgqswUUTdC0Y3LCvYh06Fk0kwbmmSGJCOWoV/hxoUibv0cd/6NaTsLbT2QcDjnXu69J0w408Z1v53Cyura+kZxs7S1vbO7V94/aOk4VYQ2Scxj1QmxppxJ2jTMcNpJFMUi5LQdjm6mfvuRKs1ieW/GCQ0EHkgWMYKNlR6efBlcpfbrlStu1Z0BLRMvJxXI0eiVv7r9mKSCSkM41tr33MQEGVaGEU4npW6qaYLJCA+ob6nEguogmy08QSdW6aMoVvZJg2bq744MC63HIrSVApuhXvSm4n+en5roMsiYTFJDJZkPilKOTIym16M+U5QYPrYEE8XsrogMscLE2IxKNgRv8eRl0qpVvfNq7e6sUr/O4yjCERzDKXhwAXW4hQY0gYCAZ3iFN0c5L8678zEvLTh5zyH8gfP5A6dGkFE=</latexit>

x[n] = u[n]

and we have already computed (in other example) that  
<latexit sha1_base64="vZESjQO2hy+xIB5Njz1T41qXJQc="></latexit>

X(z) =
1

1� z�1
=

z

z � 1
<latexit sha1_base64="2soIQLQCn3detC+XLJg/wjKl+G0="></latexit>

ROC: 8z 2 C : such that |z| > 1
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Consider the following signal:

Compute the Zeta Transform:
<latexit sha1_base64="YASY+nboaeBuLkqVZshV1gJ0f8g=">AAACAXicbVDLSsNAFJ3UV42vqBvBzWApVISSiK9NsejGZQX7gDSUyWTSDp1MwsxErKFu/BU3LhRx61+482+cPhZaPXDhcM693HuPnzAqlW1/Gbm5+YXFpfyyubK6tr5hbW41ZJwKTOo4ZrFo+UgSRjmpK6oYaSWCoMhnpOn3L0d+85YISWN+owYJ8SLU5TSkGCktdayd4p3LvUo7IEwhlx8ce2ardL9fOe9YBbtsjwH/EmdKCmCKWsf6bAcxTiPCFWZIStexE+VlSCiKGRma7VSSBOE+6hJXU44iIr1s/MEQFrUSwDAWuriCY/XnRIYiKQeRrzsjpHpy1huJ/3luqsIzL6M8SRXheLIoTBlUMRzFAQMqCFZsoAnCgupbIe4hgbDSoZk6BGf25b+kcVh2Tsr29VGhejGNIw92wR4oAQecgiq4AjVQBxg8gCfwAl6NR+PZeDPeJ605YzqzDX7B+PgG2fSVNQ==</latexit>

X(z) =?

<latexit sha1_base64="5O230HHbNQiPqn6LO3OUqtE09WY="></latexit>

x[n] =
1X

k=0

(�1)k�[n� k]
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We can observe that the signal  can be re-written as:
<latexit sha1_base64="5O230HHbNQiPqn6LO3OUqtE09WY="></latexit>

x[n] =
1X

k=0

(�1)k�[n� k]
<latexit sha1_base64="VZa8J7SccWR7oETsAfkNtYOULjY="></latexit>

x[n] = (�1)nu[n]
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(d) Compare with the system represented by 

?

Are they the same system? explain.
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<latexit sha1_base64="1gn9YUy2eQbMGuS5sYfCKK4gIKo="></latexit>

Zeros: z4 + z2 + 1 = 0
<latexit sha1_base64="P56BzaiWuwdnPelQ2kQymI5xRbQ="></latexit>

setting t = z2 ! t4 + t2 + 1 = 0

z=Infinity is one zero, and the rest of 4 zeros are the solutions of the equation:

<latexit sha1_base64="py98TlFxG9EY6FOV1K5N6vdwxAk=">AAACHXicbVA9SwNBEN3zM8avqKXNYhAEIdyFoDaBoI1lBKNCEsPeZpIs7u0eu3NKPPJHbPwrNhaKWNiI/8ZNTKGJDwYe780wMy+MpbDo+1/ezOzc/MJiZim7vLK6tp7b2LywOjEcalxLba5CZkEKBTUUKOEqNsCiUMJleHMy9C9vwVih1Tn2Y2hGrKtER3CGTmrlSg0dg2GojWIRpBYQheoOKJbvr9PigDaM6PaQGaPvKF4X93E/KPutXN4v+CPQaRKMSZ6MUW3lPhptzZMIFHLJrK0HfozNlBkUXMIg20gsxIzfsC7UHR2eYpvp6LsB3XVKm3a0caWQjtTfEymLrO1HoeuMGPbspDcU//PqCXaOmqlQcYKg+M+iTiIpajqMiraFAY6y7wjjRrhbKe8xwzi6QLMuhGDy5WlyUSwEB4XiWSlfOR7HkSHbZIfskYAckgo5JVVSI5w8kCfyQl69R+/Ze/Pef1pnvPHMFvkD7/MbvCeiPQ==</latexit>

setting t = z2 ! t2 + t+ 1 = 0
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<latexit sha1_base64="uxELOrLCPucGoDHjgnKbKnaQrjc="></latexit>

Recall that ej2⇡k = 1

<latexit sha1_base64="Rtd1IyV7uj7cR0AifJMb0zu1Svs="></latexit>

t1 = ej
2⇡
3

t2 = ej
4⇡
3

<latexit sha1_base64="NcUM975dU4mYupzJTvR7OJWUxrM="></latexit>

z =
⇣
ej

2⇡
3 +2⇡k

⌘1/2

z =
⇣
ej

4⇡
3 +2⇡k

⌘1/2

<latexit sha1_base64="5+726RT4DhuTGgJI2OYlKmZMEEE="></latexit>

z = ej
⇡
3 +⇡k

z = ej
2⇡
3 +⇡k

<latexit sha1_base64="WoBdd9SK5Gm4hDqSYJi4h5cxHy0="></latexit>

k = 0, 1, 2, 3...

In this specific case, you could also do

<latexit sha1_base64="XwZ9hGJ9pG67s5kwYen19fWdF88="></latexit>

Solving t = z2 in the complex plane:

<latexit sha1_base64="nunC6rCyolXx8nqYxy3iPyObVJk="></latexit>

z =
p
t z = �

p
t

obtaining also the symmetric solution (with respect 
to the zero-origin point; i.e., odd-symmetry)
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Varying k=0,1,2,3,… the only different points are 4:
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After a look we can directly observe that: 

- two zeros z=-1 and z=1 (and another zero is z=\infinity) 

- there are other 4 zeros (see next slide)  

- two poles are z=-1 and z=1; another pole is z=0 (of order 5)
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- there are other 4 zeros; in fact, we can write: 

this can be obtained: 

<latexit sha1_base64="L6QetNcsq6sKrQj+D5WzeFmD6/M="></latexit>

z6 � 1 = (z + 1)(z � 1)(z4 + z2 + 1)

z6 � 1 = (z2 � 1)(z4 + z2 + 1)
<latexit sha1_base64="Jta0eSFbUJ1AHzpadEDdCzkYQV0="></latexit>

z6 � 1
<latexit sha1_base64="UKoBvx1yurVP7hq2fJih51Ty+Gs="></latexit>

z2 � 1
<latexit sha1_base64="JLcssueuGr7P70xHpkSd9hq1fJc="></latexit>

z4
<latexit sha1_base64="KRycALTfs38IeymHzue03Wi9EFw="></latexit>

�z6 + z4
<latexit sha1_base64="2ctNqB8zMuD1H2sa6qdfbL6a5d8="></latexit>

z4 � 1

<latexit sha1_base64="6p/y/05Zpcp5sHlhZeeA1eOdZ4I="></latexit>

+z2 + 1
<latexit sha1_base64="vtC3Erbxt1Pbe+RXe+UXY5FCptk="></latexit>

�z4 + z2
<latexit sha1_base64="XEMowwi7flr//P0nrcu3QdQmPjg="></latexit>

z2 + 1
<latexit sha1_base64="19FgYlYL0YiP6otfULGeCf4P628="></latexit>

0

<latexit sha1_base64="eRKMLOcc7VEDcYHHLyjlheCNMPQ="></latexit>

�z2 � 1
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- there are other 4 zeros, solution AGAIN of this equation: 

<latexit sha1_base64="1gn9YUy2eQbMGuS5sYfCKK4gIKo="></latexit>

Zeros: z4 + z2 + 1 = 0
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- there are other 4 zeros, solution AGAIN of this equation: 

<latexit sha1_base64="1gn9YUy2eQbMGuS5sYfCKK4gIKo="></latexit>

Zeros: z4 + z2 + 1 = 0
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Consider Zeta transforms of the input x[n] and output y[n] of a system:

find H(z) of the impulse response h[n].

<latexit sha1_base64="00J+c2w9ITsGqI2RgP6DPvm9XOw="></latexit>

X(z) = 1� z2

Y (z) = z
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<latexit sha1_base64="00J+c2w9ITsGqI2RgP6DPvm9XOw="></latexit>

X(z) = 1� z2

Y (z) = z

<latexit sha1_base64="+/byQaEqhOkhFVIJLouGnWo0tA0="></latexit>

H(z) =
Y (z)

X(z)
=

z

1� z2
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Consider Zeta transforms of the input x[n] and the impulse response h[n] of a 
system:

find Y(z) of the output y[n] of the system.

<latexit sha1_base64="ePb12tuwVV4/fFd3lTg/Gd7gzEc="></latexit>

X(z) = 1� z
2

H(z) = z � 3



Example 20 
<latexit sha1_base64="ePb12tuwVV4/fFd3lTg/Gd7gzEc="></latexit>

X(z) = 1� z
2

H(z) = z � 3

<latexit sha1_base64="5XFWe43DSsgrobTVUmjnKVEdVxA="></latexit>

Y (z) = H(z)X(z) = (z � 3)(1� z
2)
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Consider the system with the following poles and zeros: 

(a) say if the system is stable. 

(b) write the difference equation corresponding to the system.
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Consider the causal system with the following poles and zeros: 

(a) say if the system is stable. 

(b) write the difference equation corresponding to the system.
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 x-marks ==> poles,  circles ==> zeros 
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then:
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Consider the following observations: 

- x[n] is real and a right-sided signal  

- X(z) has exactly 2 poles 

- X(z) has a 2 zeros at z=0 

- One pole of the two poles is at 

- X(1)=8/3, i.e., X(z)=8/3 at z=1 

Find X(z). 

<latexit sha1_base64="LIFoWDk55Ic6JmwVJkIOM1x7efs="></latexit>

z =
1

2
ej

⇡
2
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<latexit sha1_base64="LIFoWDk55Ic6JmwVJkIOM1x7efs="></latexit>

z =
1

2
ej

⇡
2

Since the signal is real and has two poles, the second pole must be the 
conjugate of  

then, the other pole is :   

Thus, we have already all the poles. Infinity is not one of them.

<latexit sha1_base64="eTqrn8YzOqaTS0xLBwQAQp28PGw="></latexit>

z =
1

2
e�j ⇡

2
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Since  we also know that it has only 2 zeros at z=0, we can write: 

   <latexit sha1_base64="AGh0O6ap3TSIm/BLXpSaX2Nr2nM="></latexit>

X(z) = A
z2

(z � 0.5ej⇡/2)(z � 0.5e�j⇡/2)

= A
z2

(z � 0.5j)(z + 0.5j)

= A
z2

z2 + 1
4

where A is a constant that we have to obtain.
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considering the last condition:

<latexit sha1_base64="eREPN/KJcYrJnGoyMfUN5HCo1L8="></latexit>

X(1) = A
12

12 + 1
4

=
8

3

A =
8

3

5

4
=

10

3



Questions?


