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Transformations for signal in continuous time

Fourier Series (FS) Stand. Fourier Transform (FT) Laplace Transform (LT)

Generalized 
Fourier Transform 
(GFT)

For Periodic signals For non-periodic signals

Mathematically, it is not 
completely valid… or we need 
other definition of Fourier 
Transformation….

also for some 
Signals with 

Infinite Energy



Transformations for signal in discrete time

Fourier Series (FS) Stand. Fourier Transform (FT) Zeta Transform (ZT)

Generalized 
Fourier Transform 
(GFT)

For Periodic signals For non-periodic signals

Mathematically, it is not 
completely valid… or we need 
other definition of Fourier 
Transformation….

also for some 
Signals with 

Infinite Energy



Fourier series….

The existence of the Fourier series is the “proof” that the Standard 
Fourier transform (WITH OUR MATH) cannot be used for periodic 
signals…  

The LAPLACE AND ZETA TRANSFORMS generalize the Standard 
Fourier transform…



Transformations for signal in discrete time

MOREOVER: (practical tools…) 

- Discrete Fourier Transform (DFT) 

- Fast Fourier Transform (FFT) ==> Fast version of DFT 

DFT “mathematically” very similar to (almost the same) Fourier Series 
for discrete time



WE WILL SEE:

FOURIER SERIES STANDARD FOURIER TRANSFORM

(in this course )<latexit sha1_base64="6+nXidmuhaM7lEBV7emvs9k5CAs=">AAACD3icbVDLSsNAFJ3UV42vqEs3wVJpEUpSiropFN240gp9QRPCZDpph04ezEzEEvIHbvwVNy4UcevWnX/jtM1CWw/cy+Gce5m5x40o4cIwvpXcyura+kZ+U93a3tnd0/YPOjyMGcJtFNKQ9VzIMSUBbgsiKO5FDEPfpbjrjq+mfvceM07CoCUmEbZ9OAyIRxAUUnK0k+JDSZTrsp22HKOsWrc+HkLHqFsegyipWhFJk5vU0QpGxZhBXyZmRgogQ9PRvqxBiGIfBwJRyHnfNCJhJ5AJgihOVSvmOIJoDIe4L2kAfcztZHZPqhelMtC9kMkKhD5Tf28k0Od84rty0odixBe9qfif14+Fd2EnJIhigQM0f8iLqS5CfRqOPiAMI0EnkkDEiPyrjkZQBiFkhKoMwVw8eZl0qhXzrFK7qxUal1kceXAEjkEJmOAcNMA1aII2QOARPINX8KY8KS/Ku/IxH80p2c4h+APl8wcDtJrS</latexit>

⌦0 =
2⇡

N

<latexit sha1_base64="4+pDFIXlkc5lbaCg3hKW+Z6FQ+o=">AAACD3icbVDLSsNAFJ3UV42vqEs3wVJpEUpSiropFN24rNAXNCFMppN26CQTZiZiCf0DN/6KGxeKuHXrzr9x2mahrQfu5XDOvczc48eUCGlZ31pubX1jcyu/re/s7u0fGIdHHcESjnAbMcp4z4cCUxLhtiSS4l7MMQx9irv++Gbmd+8xF4RFLTmJsRvCYUQCgqBUkmecFR9KslxX7bzlWWXdYSEeQs+qOwGHKK06MZmmralnFKyKNYe5SuyMFECGpmd8OQOGkhBHElEoRN+2YummkEuCKJ7qTiJwDNEYDnFf0QiGWLjp/J6pWVTKwAwYVxVJc67+3khhKMQk9NVkCOVILHsz8T+vn8jgyk1JFCcSR2jxUJBQUzJzFo45IBwjSSeKQMSJ+quJRlAFIVWEugrBXj55lXSqFfuiUrurFRrXWRx5cAJOQQnY4BI0wC1ogjZA4BE8g1fwpj1pL9q79rEYzWnZzjH4A+3zBz/ymvg=</latexit>

!0 =
2⇡

T



Generalized Fourier Trasform (GFT)  
- for a periodic signal in CT

<latexit sha1_base64="SgVliEHSIM/VzVf63BtMtOfWue8=">AAACBHicbVDNS8MwHE3n15xfVY+7BIewIYxWFL0IAy8eJ+xLtlLSLN3C0rQkqThKD178V7x4UMSrf4Q3/xuzrgfdfJDweO/3kTwvYlQqy/o2Ciura+sbxc3S1vbO7p65f9CRYSwwaeOQhaLnIUkY5aStqGKkFwmCAo+Rrje5nvndeyIkDXlLTSPiBGjEqU8xUlpyzXIyyIYkHotJ+lBVtSt9nbRcq5a6ZsWqWxngMrFzUgE5mq75NRiGOA4IV5ghKfu2FSknQUJRzEhaGsSSRAhP0Ij0NeUoINJJsv0pPNbKEPqh0IcrmKm/OxIUSDkNPF0ZIDWWi95M/M/rx8q/dBLKo1gRjueL/JhBFcJZInBIBcGKTTVBWFD9VojHSCCsdG4lHYK9+OVl0jmt2+d16/as0rjL4yiCMjgCVWCDC9AAN6AJ2gCDR/AMXsGb8WS8GO/Gx7y0YOQ9h+APjM8f60aXrA==</latexit>

x(t) = x(t+ T0)

<latexit sha1_base64="diIlEa44SkjmeKHvFwiTd1GJphA="></latexit>

FSz }| {
���� >ak

<latexit sha1_base64="sGpzT92Sw8PjpaCVpxIvtCavdK8="></latexit>

For periodic signals

<latexit sha1_base64="NjdksdvxaGFQhR8itxskA8UFLgw="></latexit>

XG(!) = 2⇡
+1X

�1
ak�(! � k!0)

<latexit sha1_base64="Yqkycw33QFeBeWxSXCMvoQF5qrw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9DC67pUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fja7dEJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm07dJX2jOUI4toUwLeythQ6opQxtOyYbgLb68TJpnVe+ien5/Xqnd5HEU4QiO4RQ8uIQa3EEdGsAghGd4hTdn5Lw4787HvLXg5DOH8AfO5w9XRY0/</latexit>

k =



Recall something of the FS…
• The coefficients a_k’s are complex numbers

<latexit sha1_base64="sG8jxNYa24NN7FpsmLHqnrK88gw="></latexit>

|ak|

<latexit sha1_base64="KfCpppebM5WORF4nnCYkvJllYuA="></latexit>

k
<latexit sha1_base64="VHTzDUdDmsLiC3OXXHgRg5UDO+A="></latexit>

1
<latexit sha1_base64="/0o7l9GQDkDVpY9gx1RCjWIHhQg="></latexit>

2
<latexit sha1_base64="J9250DTBTJJKzL+JQKz0+3kidH8="></latexit>

3
<latexit sha1_base64="KU3RtJrlrEQAVNNYQEajEz4TE8M="></latexit>

4
<latexit sha1_base64="nieqKJmxXbQIknxvztSVEW/Lh84="></latexit>

5
<latexit sha1_base64="1awk0jzQ3tKK4/56Oy6OdIXGxEc="></latexit>�1

<latexit sha1_base64="YA0B4uxDrUMQrTwuAKz9Oo/CK94="></latexit>�2

<latexit sha1_base64="Rh9qHOdf6L1DKfq5L0Mz1VEJMx4="></latexit>�3

<latexit sha1_base64="sG8jxNYa24NN7FpsmLHqnrK88gw="></latexit>

|ak|

<latexit sha1_base64="dnBHwLqbdXN5EB5n6DOyC2JF3bo="></latexit>!0
<latexit sha1_base64="Hydcr6AsdPUt8t12ClltIHEsz5k="></latexit>

2!0
<latexit sha1_base64="ZnuZvgU/2+bJvwaJCOiOWUKIG3c="></latexit>

3!0
<latexit sha1_base64="cWhC4sd1Sc/nHVZFnFsw2BmCsGc="></latexit>

4!0
<latexit sha1_base64="pvkckbEJiP+0qjOVOsoV+ECMdwU="></latexit>

5!0
<latexit sha1_base64="s97bekvkbW8yzZbWPhVzYjwK9TA="></latexit>�!0

<latexit sha1_base64="L18ZAcmqNYJ5wggYc0CrUzSeHbo="></latexit>�2!0
<latexit sha1_base64="CCvJDng6gEH2u2ZkORCFBMEiIqE="></latexit>!

• (square root of) ENERGY 
in each frequency<latexit sha1_base64="YMsxORc1qROyZt/Sshecb25Lu40=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNqql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH8PjL8=</latexit>

2
<latexit sha1_base64="YMsxORc1qROyZt/Sshecb25Lu40=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNqql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH8PjL8=</latexit>

2



Recall something of the FS…

• Important observation:
<latexit sha1_base64="sG8jxNYa24NN7FpsmLHqnrK88gw="></latexit>

|ak|

<latexit sha1_base64="dnBHwLqbdXN5EB5n6DOyC2JF3bo="></latexit>!0
<latexit sha1_base64="Hydcr6AsdPUt8t12ClltIHEsz5k="></latexit>

2!0
<latexit sha1_base64="ZnuZvgU/2+bJvwaJCOiOWUKIG3c="></latexit>

3!0
<latexit sha1_base64="cWhC4sd1Sc/nHVZFnFsw2BmCsGc="></latexit>

4!0
<latexit sha1_base64="pvkckbEJiP+0qjOVOsoV+ECMdwU="></latexit>

5!0
<latexit sha1_base64="s97bekvkbW8yzZbWPhVzYjwK9TA="></latexit>�!0

<latexit sha1_base64="L18ZAcmqNYJ5wggYc0CrUzSeHbo="></latexit>�2!0
<latexit sha1_base64="CCvJDng6gEH2u2ZkORCFBMEiIqE="></latexit>!

• In the middle is not defined… 
these f requenc ies are not 
contained

• (square root of) ENERGY 
in each frequency

<latexit sha1_base64="YMsxORc1qROyZt/Sshecb25Lu40=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYJUY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyd1WuNqql2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH8PjL8=</latexit>

2



Recall something of the FS…
<latexit sha1_base64="sG8jxNYa24NN7FpsmLHqnrK88gw="></latexit>

|ak|

<latexit sha1_base64="dnBHwLqbdXN5EB5n6DOyC2JF3bo="></latexit>!0
<latexit sha1_base64="Hydcr6AsdPUt8t12ClltIHEsz5k="></latexit>

2!0
<latexit sha1_base64="ZnuZvgU/2+bJvwaJCOiOWUKIG3c="></latexit>

3!0
<latexit sha1_base64="cWhC4sd1Sc/nHVZFnFsw2BmCsGc="></latexit>

4!0
<latexit sha1_base64="pvkckbEJiP+0qjOVOsoV+ECMdwU="></latexit>

5!0
<latexit sha1_base64="s97bekvkbW8yzZbWPhVzYjwK9TA="></latexit>�!0

<latexit sha1_base64="L18ZAcmqNYJ5wggYc0CrUzSeHbo="></latexit>�2!0
<latexit sha1_base64="CCvJDng6gEH2u2ZkORCFBMEiIqE="></latexit>!

• If we consider a function that is equal  to a_k at each kw_0 
and “0” otherwise (there), then “almost nothing changes”…

<latexit sha1_base64="q0dXGxPMRzwd60OfmYWADhiAn9U=">AAAB+HicbVDLTsJAFJ3iC/FB1aWbRmKCG9ISoi6JLnSJiTwSqM10mMKEeTQzUxMsfIkbFxrj1k9x5984QBcKnuQmJ+fcm3vvCWNKlHbdbyu3tr6xuZXfLuzs7u0X7YPDlhKJRLiJBBWyE0KFKeG4qYmmuBNLDFlIcTscXc/89iOWigh+r8cx9hkccBIRBLWRArs46QQ35Z5geADPJg/VwC65FXcOZ5V4GSmBDI3A/ur1BUoY5hpRqFTXc2Ptp1BqgiieFnqJwjFEIzjAXUM5ZFj56fzwqXNqlL4TCWmKa2eu/p5IIVNqzELTyaAeqmVvJv7ndRMdXfop4XGiMUeLRVFCHS2cWQpOn0iMNB0bApEk5lYHDaGESJusCiYEb/nlVdKqVrzzSu2uVqpfZXHkwTE4AWXggQtQB7egAZoAgQQ8g1fwZj1ZL9a79bFozVnZzBH4A+vzB8VmkoY=</latexit>

|XG(!)|2



Generalized Fourier Trasform (GFT)  
for a periodic signal in CT

• It contains only the information of the FS


• we need to do the FS, to have the GFT

<latexit sha1_base64="sGpzT92Sw8PjpaCVpxIvtCavdK8="></latexit>

For periodic signals
<latexit sha1_base64="NjdksdvxaGFQhR8itxskA8UFLgw="></latexit>

XG(!) = 2⇡
+1X

�1
ak�(! � k!0)

<latexit sha1_base64="Yqkycw33QFeBeWxSXCMvoQF5qrw=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxiv2ANpTNdtMu3WzC7kQoof/AiwdFvPqPvPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt9DC67pUrbtWdgSwTLycVyFHvlb+6/ZilEVfIJDWm47kJ+hnVKJjkk1I3NTyhbEQHvGOpohE3fja7dEJOrNInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm07dJX2jOUI4toUwLeythQ6opQxtOyYbgLb68TJpnVe+ien5/Xqnd5HEU4QiO4RQ8uIQa3EEdGsAghGd4hTdn5Lw4787HvLXg5DOH8AfO5w9XRY0/</latexit>

k =



Generalized Fourier Trasform (GFT)  
for a periodic signal in Discrete Time

• It contains only the information of the FS


• we need to do the FS, to have the GFT

<latexit sha1_base64="sGpzT92Sw8PjpaCVpxIvtCavdK8="></latexit>

For periodic signals
<latexit sha1_base64="Xylnqi3EYJ4+AxdlobherQlLD4U="></latexit>

⌦0 =
2⇡

N

<latexit sha1_base64="zrgHKSQ7BpBNcOeSxwGc5qUBUtY="></latexit>

XG(⌦) = 2⇡
+1X

k=�1
ak� (⌦� k⌦0)



Questions?


