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Transformations for signal in continuous time

Fourier Series (FS) Stand. Fourier Transform (FT) Laplace Transform (LT)

Generalized 
Fourier Transform 
(GFT)

For Periodic signals For non-periodic signals

Mathematically, it is not 
completely valid… or we need 
other definition of Fourier 
Transformation….

also for some 
Signals with 

Infinite Energy



TABLE SUMMARIZING ALL THE  
FOURIER SERIES AND ALL THE STANDARD 
FOURIER TRANSFORMS



WE WILL SEE:

FOURIER SERIES STANDARD FOURIER TRANSFORM

(in this course )<latexit sha1_base64="6+nXidmuhaM7lEBV7emvs9k5CAs=">AAACD3icbVDLSsNAFJ3UV42vqEs3wVJpEUpSiropFN240gp9QRPCZDpph04ezEzEEvIHbvwVNy4UcevWnX/jtM1CWw/cy+Gce5m5x40o4cIwvpXcyura+kZ+U93a3tnd0/YPOjyMGcJtFNKQ9VzIMSUBbgsiKO5FDEPfpbjrjq+mfvceM07CoCUmEbZ9OAyIRxAUUnK0k+JDSZTrsp22HKOsWrc+HkLHqFsegyipWhFJk5vU0QpGxZhBXyZmRgogQ9PRvqxBiGIfBwJRyHnfNCJhJ5AJgihOVSvmOIJoDIe4L2kAfcztZHZPqhelMtC9kMkKhD5Tf28k0Od84rty0odixBe9qfif14+Fd2EnJIhigQM0f8iLqS5CfRqOPiAMI0EnkkDEiPyrjkZQBiFkhKoMwVw8eZl0qhXzrFK7qxUal1kceXAEjkEJmOAcNMA1aII2QOARPINX8KY8KS/Ku/IxH80p2c4h+APl8wcDtJrS</latexit>

⌦0 =
2⇡

N

<latexit sha1_base64="4+pDFIXlkc5lbaCg3hKW+Z6FQ+o=">AAACD3icbVDLSsNAFJ3UV42vqEs3wVJpEUpSiropFN24rNAXNCFMppN26CQTZiZiCf0DN/6KGxeKuHXrzr9x2mahrQfu5XDOvczc48eUCGlZ31pubX1jcyu/re/s7u0fGIdHHcESjnAbMcp4z4cCUxLhtiSS4l7MMQx9irv++Gbmd+8xF4RFLTmJsRvCYUQCgqBUkmecFR9KslxX7bzlWWXdYSEeQs+qOwGHKK06MZmmralnFKyKNYe5SuyMFECGpmd8OQOGkhBHElEoRN+2YummkEuCKJ7qTiJwDNEYDnFf0QiGWLjp/J6pWVTKwAwYVxVJc67+3khhKMQk9NVkCOVILHsz8T+vn8jgyk1JFCcSR2jxUJBQUzJzFo45IBwjSSeKQMSJ+quJRlAFIVWEugrBXj55lXSqFfuiUrurFRrXWRx5cAJOQQnY4BI0wC1ogjZA4BE8g1fwpj1pL9q79rEYzWnZzjH4A+3zBz/ymvg=</latexit>

!0 =
2⇡

T



Fourier series for signal in CT

FOURIER SERIES =  

PROPER MATHEMATICAL TOOL FOR PERIODIC SIGNALS

<latexit sha1_base64="z6o8OpZAiiGmNdBw6NPKU7DmYgk=">AAAB9HicbVDLSgMxFM3UV62vqks3wSK0CGVGiroRim5cVugL2qFk0kwbmsmMyZ1iGfodblwo4taPceffmLaz0NYD93I4515yc7xIcA22/W1l1tY3Nrey27md3b39g/zhUVOHsaKsQUMRqrZHNBNcsgZwEKwdKUYCT7CWN7qb+a0xU5qHsg6TiLkBGUjuc0rASO5TEUo3pp3Xe3aply/YZXsOvEqclBRQilov/9XthzQOmAQqiNYdx47ATYgCTgWb5rqxZhGhIzJgHUMlCZh2k/nRU3xmlD72Q2VKAp6rvzcSEmg9CTwzGRAY6mVvJv7ndWLwr92EyygGJuniIT8WGEI8SwD3uWIUxMQQQhU3t2I6JIpQMDnlTAjO8pdXSfOi7FyWKw+VQvU2jSOLTtApKiIHXaEqukc11EAUPaJn9IrerLH1Yr1bH4vRjJXuHKM/sD5/AL3DkMo=</latexit>

x(t) = x(t+ T0)

<latexit sha1_base64="5tDP1GdEwY0tJ9DCGrSJrlFC/jc=">AAACEXicbVDLSsNAFJ34rPEVdekmWAotQklKUTeFohuXFfqCJoTJdNIOnUzCzEQsIb/gxl9x40IRt+7c+TdO2yy09cC9HM65l5l7/JgSIS3rW1tb39jc2i7s6Lt7+weHxtFxV0QJR7iDIhrxvg8FpoThjiSS4n7MMQx9inv+5Gbm9+4xFyRibTmNsRvCESMBQVAqyTPKpYeyrDRUO297VkV3ohCPoGc1nIBDlNacmGSpcjLPKFpVaw5zldg5KYIcLc/4coYRSkLMJKJQiIFtxdJNIZcEUZzpTiJwDNEEjvBAUQZDLNx0flFmlpQyNIOIq2LSnKu/N1IYCjENfTUZQjkWy95M/M8bJDK4clPC4kRihhYPBQk1ZWTO4jGHhGMk6VQRiDhRfzXRGKoopApRVyHYyyevkm6tal9U63f1YvM6j6MATsEZKAMbXIImuAUt0AEIPIJn8AretCftRXvXPhaja1q+cwL+QPv8AXzdm5s=</latexit>

!0 =
2⇡

T0

FUNDAMENTAL 
FREQUENCY:



Periodic signals
• Then the signals also contains ONLY the frequencies which are 

multiple of the fundamental frequency: 

<latexit sha1_base64="Hc9FEpR/QhdL43gEf1oxRzjyj5o="></latexit>

!(k) = k
2⇡

T0
= k!0



Fourier Series: 
first from time, x(t), to frequency (a_k) …



Fourier Series: frequency information?
• Frequency information is contained in the a_k’s


• INTEGRAL IN A PERIOD - from 0 to To or  -To/2 to To/2, for instance. 

• a_k: complex coefficients 


• k integer variable

<latexit sha1_base64="Bz2XkeA0GZXOkM32kzQp0IhSsWY="></latexit>

ak =
1

T0

Z

T0

x(t)e�jk!0tdt
<latexit sha1_base64="xNXPOO+ApxSKRYtRnRyyLZtrSw0="></latexit>

ak = Xk



Fourier Series: frequency information?
• Definition of the a_k (it is possible to prove it):


• the definition is a definite integral in a period (analysis equation)

<latexit sha1_base64="Bz2XkeA0GZXOkM32kzQp0IhSsWY="></latexit>

ak =
1

T0

Z

T0

x(t)e�jk!0tdt

<latexit sha1_base64="dS24cADU4EW8NJtOI69o2ChkmsE="></latexit>

ak =
1

T0

Z T0

0
x(t)e�jk!0tdt

<latexit sha1_base64="qSmEm1LMoW9/v1J8p4gOk362Zv8="></latexit>

ak =
1

T0

Z T0/2

�T0/2
x(t)e�jk!0tdt

• Analysis 
equation



Fourier Series: 
first from frequency (a_k) to time, x(t)…



Fourier Series (decomposition of the signal)
• Definition of the Fourier series:


• It is a series then we have to consider the convergence.


• it is a decomposition of the signal x(t) with respect to the periodic 
bases. 

<latexit sha1_base64="cGusEP9xIqt48UQ0G++AQMSq/io="></latexit>

x(t) =
+1X

k=�1
ake

jk!0t



Fourier Series
• Definition of the Fourier series (synthesis equation):


• a_k: complex coefficients  

• k integer variable

<latexit sha1_base64="cGusEP9xIqt48UQ0G++AQMSq/io="></latexit>

x(t) =
+1X

k=�1
ake

jk!0t



Fourier Series
• Definition of the Fourier series :


• Synthesis equation: from a_k to x(t)


• we need to know a_k

<latexit sha1_base64="6WINWBfPoB+XqFg7ByQ4UwkuV9M="></latexit>

ak =) x(t)

<latexit sha1_base64="cGusEP9xIqt48UQ0G++AQMSq/io="></latexit>

x(t) =
+1X

k=�1
ake

jk!0t



Fourier Series: frequency information?
• Relationship with the frequencies contained in the signal:

<latexit sha1_base64="mmt9pCB7O6zDijS33N/o7ocUhUY="></latexit>

ak =) !(k) = k!0

<latexit sha1_base64="JbxC2k4e+jQYCOU2jmkBqOMPPbI="></latexit>

ak =
1

T0

Z

T0

x(t)e�jk!0tdt



Which frequencies are into a periodic signal?
• Does a periodic signal contain all the frequencies?


• NO!! only the multiple of the fundamental frequency.

<latexit sha1_base64="O7mR/iVyKCVp1lqIqht8C67o1vc="></latexit>

ak =) !(k) = k!0
<latexit sha1_base64="9bFmCZqsFla0U0CzC+I2MIpODMo="></latexit>

|ak|2: energy at frequency k!0



Which frequencies are into a periodic signal?
• The coefficients a_k’s are complex numbers

<latexit sha1_base64="sG8jxNYa24NN7FpsmLHqnrK88gw="></latexit>

|ak|

<latexit sha1_base64="KfCpppebM5WORF4nnCYkvJllYuA="></latexit>

k
<latexit sha1_base64="VHTzDUdDmsLiC3OXXHgRg5UDO+A="></latexit>

1
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2
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3
<latexit sha1_base64="KU3RtJrlrEQAVNNYQEajEz4TE8M="></latexit>

4
<latexit sha1_base64="nieqKJmxXbQIknxvztSVEW/Lh84="></latexit>

5
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|ak|
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2!0
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4!0
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5!0
<latexit sha1_base64="s97bekvkbW8yzZbWPhVzYjwK9TA="></latexit>�!0

<latexit sha1_base64="L18ZAcmqNYJ5wggYc0CrUzSeHbo="></latexit>�2!0
<latexit sha1_base64="CCvJDng6gEH2u2ZkORCFBMEiIqE="></latexit>!

• (square root of) ENERGY 
in each frequency



Which frequencies are into a periodic signal?

• Important observation:
<latexit sha1_base64="sG8jxNYa24NN7FpsmLHqnrK88gw="></latexit>

|ak|

<latexit sha1_base64="dnBHwLqbdXN5EB5n6DOyC2JF3bo="></latexit>!0
<latexit sha1_base64="Hydcr6AsdPUt8t12ClltIHEsz5k="></latexit>

2!0
<latexit sha1_base64="ZnuZvgU/2+bJvwaJCOiOWUKIG3c="></latexit>

3!0
<latexit sha1_base64="cWhC4sd1Sc/nHVZFnFsw2BmCsGc="></latexit>

4!0
<latexit sha1_base64="pvkckbEJiP+0qjOVOsoV+ECMdwU="></latexit>

5!0
<latexit sha1_base64="s97bekvkbW8yzZbWPhVzYjwK9TA="></latexit>�!0

<latexit sha1_base64="L18ZAcmqNYJ5wggYc0CrUzSeHbo="></latexit>�2!0
<latexit sha1_base64="CCvJDng6gEH2u2ZkORCFBMEiIqE="></latexit>!

• In the middle is not defined… 
these f requenc i es a re no t 
contained

• (square root of) ENERGY 
in each frequency



Now a brief summary

• Analysis equation:

• Synthesis equation:

• The integral can be done in each interval 
of length To (the period)



Now a brief summary

• Analysis equation: from time to frequency

• Synthesis equation: from frequency to time



Other forms of seeing the FS

<latexit sha1_base64="XF2aHHYu2AVSCkfBGnHAZTzPvoM="></latexit>

x(t) =
+1X

k=�1
ak[cos(k!0t)� j sin(k!0t)]

<latexit sha1_base64="NpkJVJcdnZWbxdIj325jbnMOBPs="></latexit>

x(t) =
+1X

k=�1
ak cos(k!0t)� j

+1X

k=�1
ak sin(k!0t)

<latexit sha1_base64="cGusEP9xIqt48UQ0G++AQMSq/io="></latexit>

x(t) =
+1X

k=�1
ake

jk!0t



Other forms of seeing the FS
<latexit sha1_base64="cGusEP9xIqt48UQ0G++AQMSq/io="></latexit>

x(t) =
+1X

k=�1
ake

jk!0t

<latexit sha1_base64="rwBW/41oVzYBwwOwFfZNgjoLZqM="></latexit>

x(t) =
+1X

k=�1
ak cos(k!0t) +

+1X

k=�1
bk sin(k!0t)

<latexit sha1_base64="CrO9WY9tqVIypnVKitA+eiDgRbg="></latexit>

with bk = �jak

Recall: a_k are complex numbers, in general



Other forms of seeing the FS

• There are many other mathematical forms: depending if the 
signal is real, if the signal is odd or even, or odd and real, or 
even and real etc… (you will see some examples later)  

• But it is the same “mathematical tool” 

• (se puede escribir de diferentes formas, basta ser coherentes con 
la ecuación de análisis y síntesis, etc.)



Convergence

• Consider a truncated Fourier Series: 

when N goes to infinity, we recover the Fourier Series.

<latexit sha1_base64="WIsiDMDlfQR26eU4+tZpSOc+Wq0="></latexit>

x(t)⇡
NX

k=�N

ake
�jk!0t



Convergence

when N goes to infinity, we recover the Fourier Series:


2N+1 is the number of total components in the sum!

<latexit sha1_base64="Q6bGBPgJJGefKY8TITtz1Z4enNI=">AAADXXiclZJBb9MwFMfdhMEWxujgwIGLRTVpCLUk1Sa4IE2CA6dqSO02qekix3E60ySO7Be0yvKX5AYXvgpOmklr1wNYSvLP+//ee8mz4zLjCnz/V8dxH+08frK75z3df3bwvHv44kKJSlI2oSIT8iomimW8YBPgkLGrUjKSxxm7jBefa//yB5OK i2IMy5LNcjIveMopARuKDjvqiERah00lLVliFsZ8ClNJqA6MHkfaNwaHvIDo7uX2GN5idq3761k4FDmbk5rBYHCCwfv30v1x5L8fmmu9ev5Hj4a8T4WkLKW4Ndhi/ZFpqnzHo/XUd2GWCFANE9wx60Qj6vvK32IPW2O4tXZNjFpio3vU7fkDv1n4oQha0UPtOo+6P8NE0CpnBdCMKDUN/BJmmkjgNGPGCyvFSkIXZM6mVhYkZ2qmm5kYfGQjCU6FtFcBuInez9AkV2qZx5bMCdyoTa8ObvOmFaQfZ5oXZQWsoKtGaZVhELg+ajjhklHIllYQKrn9VkxviN1+sAfSs0MINn/5obgYDoLTgf/tpHf2pR3HLnqN3qBjFKAP6Ax9Redogmjnt4OcPcdz/rg77r57sEKdTpvzEq0t99VfaKYRcw==</latexit>

x(t)⇡a�Ne�jN!0t + . . . a�1e
�j!0t + a0 + a1e

j!0t + a2e
j2!0t + . . .+ aNejN!0t

<latexit sha1_base64="8CFyJDdJynVPxoF56W0U77Tchxo="></latexit>

xN (t) =
NX

k=�N

ake
+jk!0t



Convergence

• We can define the “error signal” - error in approximation as:


• y definimos el error (en un periodo) como:

<latexit sha1_base64="V2SCKWdsYbMPBNT7wWZbBR0A4JM="></latexit>

eN (t) = x(t)� xN (t) = x(t)�
NX

k=�N

ake
jk!0t

<latexit sha1_base64="q4BboaxfJ74TBqK0+a7aI23hogA="></latexit>

EN =

Z

T0

|eN (t)|2dt



Convergence
• For a fixed N: It is possible to prove that the best choice (i.e., 

that minimizes ) of the coefficient a_k is


• i.e., the coefficients of the Fourier Series (that we have already 
defined and studied). 


• Increasing N, with the a_k above: the error E_N decreases as N 
grows, i.e.,  

<latexit sha1_base64="Bz2XkeA0GZXOkM32kzQp0IhSsWY="></latexit>

ak =
1

T0

Z

T0

x(t)e�jk!0tdt

<latexit sha1_base64="toNgSmVhTLA14zZYW7cnMHHTMOA="></latexit>

EN ! 0
<latexit sha1_base64="JFkqp6KOvVByMiJPgiG0P+ygp3o="></latexit>

as N ! +1



Convergence: example



Convergence: Gibbs phenomenon

• some problem in 
the discontinuities 



Convergence: examples

I nc reas ing the 
components in 
the truncated sum

• Signal:



Convergence: examples



Example: Fourier series of the cosine 
<latexit sha1_base64="/daThMaYjjVbK4KKLZsZ9Tr5YP8="></latexit>

x(t) = cos(!0t)

<latexit sha1_base64="PlcjgfyWPfsTSEMriPvA/DT1aZM="></latexit>

cos(!0t) =
1

2
[ej!0t + e�j!0t]

• For Euler…

• Sum of complex exponentials… 
this is already the Fourier Series !!!



Example: Fourier series of the cosine 
<latexit sha1_base64="PlcjgfyWPfsTSEMriPvA/DT1aZM="></latexit>

cos(!0t) =
1

2
[ej!0t + e�j!0t]

• Sum of complex exponentials… 
this is already the Fourier Series !!!

<latexit sha1_base64="67qaTLEylf8f0E8YCyMQOlArjss="></latexit>

a1 =
1

2
, a�1 =

1

2
,

<latexit sha1_base64="diqA1277tLLZkaXsgMrjkJhP5RE="></latexit>

ak = 0 for all k 6= �1, 1



Example: Fourier series of the sine 

• For Euler…

• Sum of complex exponentials… 
this is already the Fourier Series !!!

<latexit sha1_base64="A0K5THxj0rIXdVkp6UdaDAN/j34="></latexit>

x(t) = sin(!0t)

<latexit sha1_base64="8wuuLSQXeh8ea+ZpgCueD2+rIp0="></latexit>

sin(!0t) =
1

2j
[ej!0t � e�j!0t]



Example: Fourier series of the cosine 

• Sum of complex exponentials… 
this is already the Fourier Series !!!

<latexit sha1_base64="diqA1277tLLZkaXsgMrjkJhP5RE="></latexit>

ak = 0 for all k 6= �1, 1

<latexit sha1_base64="8wuuLSQXeh8ea+ZpgCueD2+rIp0="></latexit>

sin(!0t) =
1

2j
[ej!0t � e�j!0t]

<latexit sha1_base64="55zi23w4BhH6D7913dkWKlSzgQc="></latexit>

a1 =
1

2j
, a�1 = � 1

2j
,



Does The Fourier series exist always?

• The Fourier series decomposition exists almost for all the 
periodic signals.


• The integral of synthesis equation must exist:


since it is computed in a finite region - such as [0,To] - there are 
“a lot of chances” that this integral exists and is a finite value, 
for all k.  

<latexit sha1_base64="Bz2XkeA0GZXOkM32kzQp0IhSsWY="></latexit>

ak =
1

T0

Z

T0

x(t)e�jk!0tdt



Next?

• non-periodic signals in frequency domain 

• some non-periodic signals…  

• All the non-periodic signals, with finite energy, have 
Standard Fourier Transform… 



Transformations for signal in continuous time

Fourier Series (FS) Stand. Fourier Transform (FT) Laplace Transform (FT)

Generalized 
Fourier Transform 
(GFT)

For Periodic signals For non-periodic signals

Mathematically, it is not 
completely valid… or we need 
other definition of Fourier 
Transformation….



Stand. Fourier Transform (analysis equation)

• Definition (analysis equation):


• Analysis equations: from x(t) to the transformed 
domain

<latexit sha1_base64="JYVAhoMp3eGXxtAFfMoFOlK0Kxg="></latexit>

X(!) =

Z +1

�1
x(t)e�j!tdt



Stand. Fourier Transform (analysis equation)
• Definition (analysis equation):


• Special case of the Laplace Transform when:

<latexit sha1_base64="JYVAhoMp3eGXxtAFfMoFOlK0Kxg="></latexit>

X(!) =

Z +1

�1
x(t)e�j!tdt

<latexit sha1_base64="l1S5TntP6pleL/OoMkRHDN1K6TA="></latexit>

! 2 R

<latexit sha1_base64="4lPkfjSP14p2ylZffy5aBZknRA0="></latexit>

� = 0, s = 0 + j!



Stand. Fourier Transform (analysis equation)
• Definition (analysis equation):


• But it takes complex values, i.e., 

<latexit sha1_base64="JYVAhoMp3eGXxtAFfMoFOlK0Kxg="></latexit>

X(!) =

Z +1

�1
x(t)e�j!tdt

<latexit sha1_base64="l1S5TntP6pleL/OoMkRHDN1K6TA="></latexit>

! 2 R

<latexit sha1_base64="udvDNwzlJdpe5S39FaR+8W1LDik="></latexit>

X(!) 2 C



Stand. Fourier Transform (analysis equation)
• Definition (analysis equation):


• But it takes complex values, i.e., 

<latexit sha1_base64="l1S5TntP6pleL/OoMkRHDN1K6TA="></latexit>

! 2 R

<latexit sha1_base64="udvDNwzlJdpe5S39FaR+8W1LDik="></latexit>

X(!) 2 C

<latexit sha1_base64="zKPYfzGLljufgKXAdqgh/VbjSN0="></latexit>

X(!) =

Z +1

�1
x(t) cos(!t)dt�j

Z +1

�1
x(t) sin(!t)dt



Stand. Fourier Transform 
• But it takes complex values, i.e., 

• then, in general, we can plot module/phase, real part 
and imaginary part…

<latexit sha1_base64="udvDNwzlJdpe5S39FaR+8W1LDik="></latexit>

X(!) 2 C



Synthesis equation: Inverse Fourier Transform

• Definition (synthesis equation):


• Synthesis equations: from the transformed domain to 
x(t)

<latexit sha1_base64="B5l7TzHeAAoBVfPvmiqDWVQ4l5I="></latexit>

x(t) =
1

2⇡

Z +1

�1
X(!)ej!td!



Brief summary

• Stand. Fourier Transform

• Inverse Fourier Transform



Existence of the Fourier Transform
• The integral below must exist:


• Sufficient condition (signal with finite energy):

<latexit sha1_base64="JYVAhoMp3eGXxtAFfMoFOlK0Kxg="></latexit>

X(!) =

Z +1

�1
x(t)e�j!tdt

<latexit sha1_base64="xdIuJ6MjYcbKSgy1ZdsP6B1Dc+A="></latexit>Z +1

�1
|x(t)|2dt < 1



Low-pass, High-pass, Band-pass filters  
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Questions?


