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Transformations for signal in continuous time

Fourier Series (FS) Stand. Fourier Transform (FT) Laplace Transform (FT)

Generalized 
Fourier Transform 
(GFT)

For Periodic signals For non-periodic signals

Mathematically, it is not 
completely valid… or we need 
other definition of Fourier 
Transformation….

also for some 
Signals with 

Infinite Energy



Next?

• non-periodic signals in frequency domain 

• some non-periodic signals…  

• All the non-periodic signals, with finite energy, have 
Fourier Transform… 



Stand. Fourier Transform (analysis equation)

• Definition (analysis equation):


• Analysis equations: from x(t) to the transformed 
domain

<latexit sha1_base64="JYVAhoMp3eGXxtAFfMoFOlK0Kxg="></latexit>

X(!) =

Z +1

�1
x(t)e�j!tdt



Stand. Fourier Transform (analysis equation)
• Definition (analysis equation):


• Special case of the Laplace Transform when:

<latexit sha1_base64="JYVAhoMp3eGXxtAFfMoFOlK0Kxg="></latexit>

X(!) =

Z +1

�1
x(t)e�j!tdt

<latexit sha1_base64="l1S5TntP6pleL/OoMkRHDN1K6TA="></latexit>

! 2 R
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� = 0, s = 0 + j!



Stand. Fourier Transform (analysis equation)
• Definition (analysis equation):


• But it takes complex values, i.e., 

<latexit sha1_base64="JYVAhoMp3eGXxtAFfMoFOlK0Kxg="></latexit>
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<latexit sha1_base64="udvDNwzlJdpe5S39FaR+8W1LDik="></latexit>

X(!) 2 C



Stand. Fourier Transform (analysis equation)
• Definition (analysis equation):


• But it takes complex values, i.e., 

<latexit sha1_base64="l1S5TntP6pleL/OoMkRHDN1K6TA="></latexit>

! 2 R

<latexit sha1_base64="udvDNwzlJdpe5S39FaR+8W1LDik="></latexit>

X(!) 2 C

<latexit sha1_base64="zKPYfzGLljufgKXAdqgh/VbjSN0="></latexit>

X(!) =

Z +1

�1
x(t) cos(!t)dt�j

Z +1

�1
x(t) sin(!t)dt



Stand. Fourier Transform 
• But it takes complex values, i.e., 

• then, in general, we can plot module/phase, real part 
and imaginary part…

<latexit sha1_base64="udvDNwzlJdpe5S39FaR+8W1LDik="></latexit>

X(!) 2 C



Synthesis equation: Inverse Fourier Transform

• Definition (synthesis equation):


• Synthesis equations: from the transformed domain to 
x(t)

<latexit sha1_base64="B5l7TzHeAAoBVfPvmiqDWVQ4l5I="></latexit>

x(t) =
1

2⇡

Z +1

�1
X(!)ej!td!



Brief summary

• Stand. Fourier Transform

• Inverse Fourier Transform



Important example of Fourier Series (FS)



Important example: coef. of the FS

<latexit sha1_base64="p2DZ2FimIVh+WFw6pkflDwWMTiE="></latexit>

ak =
sin k!0T1

k⇡
<latexit sha1_base64="kW2W4gqABlJ6P/mscE5NCsVINXo="></latexit>

a0 =
2T1

T0



We saw…

Increasing the 
period To

<latexit sha1_base64="KtY2Fd7bwsFVpg4wrRavVotL9qQ="></latexit>

akT0
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akT0
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akT0
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akT0



We saw…

• what happens when To diverges? i.e., To goes 
to infinity?


• the signal becomes non-periodic….


• we will see it again, and we will see what is 
the dashed line… that becomes solid line when 
To diverges.



Example: Fourier Transform (FT) of a rectangle

<latexit sha1_base64="7OculQOdIplssg1dTlLAVPVZa3Y="></latexit>
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X(!) =

Z +1

�1
x(t)e�j!tdt =

Z +T1

�T1

e�j!tdt

<latexit sha1_base64="dwOJlotBaUTjAIHikwep3lbYboA="></latexit>
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j!
e�j!t

�+T1

�T1
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�1

j!

⇥
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⇤
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Example: Fourier Transform (FT) of a rectangle

<latexit sha1_base64="aR17yJj/LMOQkZ3Bn1uAqjvaVoM="></latexit>
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2 sin(!T1)

!
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Example: more general rectangle

<latexit sha1_base64="7OculQOdIplssg1dTlLAVPVZa3Y="></latexit>
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X(!) =
2A sin(!T1)

!

• Let plot this function… that in this case is real (since 
the rectangle is real and even)



SINC FUNCTION: “the octopus” 

<latexit sha1_base64="5qtTigR3Z3wTdAaW1peR71XgEKA="></latexit>

X(!) =
2A sin(!T1)

!
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• Sinc function:

• i t s e e m s a n 
“octopus”



Recalling again this figure….

Increasing the 
period To

<latexit sha1_base64="KtY2Fd7bwsFVpg4wrRavVotL9qQ="></latexit>

akT0
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akT0
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akT0
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akT0
• The sinc function - the octopus   !!!



Signal with finite length and its periodic “brother”

<latexit sha1_base64="xTWCCE8WhNb5sbPXBqOq4l/9zTo="></latexit>

x(t)
<latexit sha1_base64="DG5TWiaYAa1DJK5zAne6KING20M="></latexit>

ex(t)
Signal with finite length Its periodic “brother”



Signal with finite length and its periodic “brother”

<latexit sha1_base64="xTWCCE8WhNb5sbPXBqOq4l/9zTo="></latexit>

x(t)
We can compute FT for 

<latexit sha1_base64="DG5TWiaYAa1DJK5zAne6KING20M="></latexit>

ex(t)
We can compute FS for 

<latexit sha1_base64="slf85IOAqE1+O6+hptSI644SPNo="></latexit>
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Important result - relationship FT - FS

<latexit sha1_base64="AyIA21xt5atoYknDVLsHH/fCHXk=">AAACBXicbVDLSgMxFM3UV62vUZe6CBbBjWWmKLqSghuXFfqCzlAyaaYNzWSGJCOUMBs3/oobF4q49R/c+Tem01lo64ELh3PuTe49QcKoVI7zbZVWVtfWN8qbla3tnd09e/+gI+NUYNLGMYtFL0CSMMpJW1HFSC8RBEUBI91gcjvzuw9ESBrzlpomxI/QiNOQYqSMNLCPtZc/ogOWkuzcCwXCujVwMl3PsoFddWpODrhM3IJUQYHmwP7yhjFOI8IVZkjKvuskytdIKIoZySpeKkmC8ASNSN9QjiIifZ0vkMFTowxhGAtTXMFc/T2hUSTlNApMZ4TUWC56M/E/r5+q8NrXlCepIhzPPwpTBlUMZ5HAIRUEKzY1BGFBza4Qj5EJQpngKiYEd/HkZdKp19zLmnN/UW3cFHGUwRE4AWfABVegAe5AE7QBBo/gGbyCN+vJerHerY95a8kqZg7BH1ifPzTOmQA=</latexit>
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Important result - relationship FT - FS

• Valid only if x(t) has finite length:

<latexit sha1_base64="FzNJlVebXzuq/GpfMn7xYtXMn28="></latexit>

ak =
1

T0
X(k!0)

<latexit sha1_base64="/WADClFkxfub56CjPT1Ssaib25k="></latexit>

ak =
1

T0
[X(!)]!=k!0



Check in the rectangular example
<latexit sha1_base64="5qtTigR3Z3wTdAaW1peR71XgEKA="></latexit>

X(!) =
2A sin(!T1)

!

<latexit sha1_base64="6sNICofO8jeoI4bh8AzAth6vOAc="></latexit>

X(k!0) =
2A sin(k!0T1)

k!0

<latexit sha1_base64="YUIphWhotMwR+MwTgyD1w8QPGOg="></latexit>

1

T0
X(k!0) =

1

T0

2A sin(k!0T1)

k!0

<latexit sha1_base64="nqDyAZlxX4txEBgv8K3A/0ndXik="></latexit>

!0 =
2⇡

T0
<latexit sha1_base64="ms34cFy8Dvw1NSv6Fe7hI6NR/E0="></latexit>
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T0
X(k!0) =

A sin(k!0T1)

k⇡



Check in the rectangular example
<latexit sha1_base64="5qtTigR3Z3wTdAaW1peR71XgEKA="></latexit>

X(!) =
2A sin(!T1)

!

<latexit sha1_base64="nqDyAZlxX4txEBgv8K3A/0ndXik="></latexit>
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1
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<latexit sha1_base64="Z83oVAGHO4wyJRvTuG8N0YtLT08="></latexit>

ak =
1

T0
X(k!0) =

A sin(k!0T1)

k⇡

Exactly !!! (we obtain it with A=1, but it is very easy to re-do for a generic A)



For obtaining FS we are sampling of the FT 
• A periodic signal contains 

only certain frequencies, 
t h e m u l t i p l e o f t h e 
fundamental frenquency.

• Sinc function



Example of FT 

<latexit sha1_base64="ZISqcGEjfJGJz4sHSX+R0xUsyeA="></latexit>

X(!)



Example of FT 

<latexit sha1_base64="ZISqcGEjfJGJz4sHSX+R0xUsyeA="></latexit>

X(!)



Homework 



Properties  



Properties  



Shifting in time  



Shifting in time and frequency   



Convolution in time = multiplication in frequency   

<latexit sha1_base64="rCwhkGzyEdqaRKPbKpwUQoSWPUY="></latexit>

y(t) = x(t) ⇤ h(t) =) Y (!) = X(!)H(!)

<latexit sha1_base64="p/v4b607PiweL5S1WsC0dD3YHAA=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lE1GPRi8cK9gPaUDbbTbt0Nwm7E7GU/gUvHhTx6h/y5r9x0+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUkS8gQIlbyeaUxVI3gpGt5nfeuTaiDh6wHHCfUUHkQgFo5hJTxU865XKbtWdgSwTLydlyFHvlb66/ZilikfIJDWm47kJ+hOqUTDJp8VuanhC2YgOeMfSiCpu/Mns1ik5tUqfhLG2FSGZqb8nJlQZM1aB7VQUh2bRy8T/vE6K4bU/EVGSIo/YfFGYSoIxyR4nfaE5Qzm2hDIt7K2EDammDG08RRuCt/jyMmmeV73Lqnt/Ua7d5HEU4BhOoAIeXEEN7qAODWAwhGd4hTdHOS/Ou/Mxb11x8pkj+APn8weDb43k</latexit>

x(t)
<latexit sha1_base64="TNxzRO6m3iRxLoWwB+o1lgeN9QI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoioh6LXjxWsB/QhrLZbtqlu5uwuxFC6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgpgzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo4SRWibRDxSvQBrypmkbcMMp71YUSwCTrvB9C73u09UaRbJR5PG1Bd4LFnICDa5lNbN+bBacxvuHGiVeAWpQYHWsPo1GEUkEVQawrHWfc+NjZ9hZRjhdFYZJJrGmEzxmPYtlVhQ7WfzW2fozCojFEbKljRorv6eyLDQOhWB7RTYTPSyl4v/ef3EhDd+xmScGCrJYlGYcGQilD+ORkxRYnhqCSaK2VsRmWCFibHxVGwI3vLLq6Rz0fCuGu7DZa15W8RRhhM4hTp4cA1NuIcWtIHABJ7hFd4c4bw4787HorXkFDPH8AfO5w+E9o3l</latexit>

y(t)
<latexit sha1_base64="fhNpstasFP2o1/18AnQLKgsPbSc=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoioh6LXjxWsB/QhrLZbpqlu5uwuxFK6F/w4kERr/4hb/4bN20O2vpg4PHeDDPzgoQzbVz32ymtrW9sbpW3Kzu7e/sH1cOjjo5TRWibxDxWvQBrypmkbcMMp71EUSwCTrvB5C73u09UaRbLRzNNqC/wWLKQEWxyKaqb82G15jbcOdAq8QpSgwKtYfVrMIpJKqg0hGOt+56bGD/DyjDC6awySDVNMJngMe1bKrGg2s/mt87QmVVGKIyVLWnQXP09kWGh9VQEtlNgE+llLxf/8/qpCW/8jMkkNVSSxaIw5cjEKH8cjZiixPCpJZgoZm9FJMIKE2PjqdgQvOWXV0nnouFdNdyHy1rztoijDCdwCnXw4BqacA8taAOBCJ7hFd4c4bw4787HorXkFDPH8AfO5w9q/43U</latexit>

h(t)

<latexit sha1_base64="X6eFJ6reelNPzI/3fcFZOm0PvL8=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXRD0GvXiMYF4kS5idzCZD5rHMzAoh5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruihDNjff/by62tb2xu5bcLO7t7+wfFw6OGUakmtE4UV7oVYUM5k7RumeW0lWiKRcRpMxrdzfzmE9WGKfloxwkNBR5IFjOCrZPa7XJXCTrA571iya/4c6BVEmSkBBlqveJXt69IKqi0hGNjOoGf2HCCtWWE02mhmxqaYDLCA9pxVGJBTTiZHzxFZ07po1hpV9Kiufp7YoKFMWMRuU6B7dAsezPxP6+T2vgmnDCZpJZKslgUpxxZhWbfoz7TlFg+dgQTzdytiAyxxsS6jAouhGD55VXSuKgEVxX/4bJUvc3iyMMJnEIZAriGKtxDDepAQMAzvMKbp70X7937WLTmvGzmGP7A+/wBCLKP6A==</latexit>

Y (!)
<latexit sha1_base64="9oqNnGt5Wei0v1Q7BAYvnVhx3G4=">AAAB8HicbVDLSgNBEJyNrxhfUY9eBoMQL2FXRD0GveQYwTwkWcLspDcZMo9lZlYIIV/hxYMiXv0cb/6Nk2QPmljQUFR1090VJZwZ6/vfXm5tfWNzK79d2Nnd2z8oHh41jUo1hQZVXOl2RAxwJqFhmeXQTjQQEXFoRaO7md96Am2Ykg92nEAoyECymFFinfRYK3eVgAE57xVLfsWfA6+SICMllKHeK351+4qmAqSlnBjTCfzEhhOiLaMcpoVuaiAhdEQG0HFUEgEmnMwPnuIzp/RxrLQrafFc/T0xIcKYsYhcpyB2aJa9mfif10ltfBNOmExSC5IuFsUpx1bh2fe4zzRQy8eOEKqZuxXTIdGEWpdRwYUQLL+8SpoXleCq4t9flqq3WRx5dIJOURkF6BpVUQ3VUQNRJNAzekVvnvZevHfvY9Ga87KZY/QH3ucP7leP1w==</latexit>

H(!)
<latexit sha1_base64="GnWjhf4YbhDGwr5jqoghI4XDVvw=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBDiJeyKqMegF48RzEOSJcxOepMh81hmZoWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNoUEVV7odEQOcSWhYZjm0Ew1ERBxa0eh26reeQBum5IMdJxAKMpAsZpRYJz22K10lYEDOeqWyX/VnwMskyEkZ5aj3Sl/dvqKpAGkpJ8Z0Aj+xYUa0ZZTDpNhNDSSEjsgAOo5KIsCE2ezgCT51Sh/HSruSFs/U3xMZEcaMReQ6BbFDs+hNxf+8Tmrj6zBjMkktSDpfFKccW4Wn3+M+00AtHztCqGbuVkyHRBNqXUZFF0Kw+PIyaZ5Xg8uqf39Rrt3kcRTQMTpBFRSgK1RDd6iOGogigZ7RK3rztPfivXsf89YVL585Qn/gff4AByaP5w==</latexit>

X(!)



Derivative in time…
<latexit sha1_base64="e1J9/5Ix5cgwyZeSQMMQ95igTQ8="></latexit>

dx(t)

dt
=) j!X(!)

<latexit sha1_base64="SpCiaKrB0g+HAAyDzOtQ9WoZA6I="></latexit>

dx(t)

dt
=) sX(s)with Laplace



Duality  



Uncertainty principle   



Low-pass, High-pass, Band-pass filters  



Existence of the Fourier Transform
• The integral below must exist:


• Sufficient condition (signal with finite energy):

<latexit sha1_base64="JYVAhoMp3eGXxtAFfMoFOlK0Kxg="></latexit>

X(!) =

Z +1

�1
x(t)e�j!tdt

<latexit sha1_base64="xdIuJ6MjYcbKSgy1ZdsP6B1Dc+A="></latexit>Z +1

�1
|x(t)|2dt < 1



Questions?


