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Transformations for signal in continuous time

_
For Periodic signals’ For non-periodic signals

Fourier Series (FS), Stand. Fourier Transform (FT) Laplace Transform (FT)
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Generalized , Mathematically, it is not
Fourier Transform completely valid... or we need
(GFT) . other definition of Fourier

Transformation....



Example: “dividing” a signal - “discovering pieces”
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Example: “dividing” a signal - frequency
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“Dividing-expressing” a signal in components of different frequencies

5 ¢ Que hay detras de una senal? ...
« Diversas componentes de frecuencia y amplitud
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Dominio del tiempo Dominio de la frecuencia
(continuo o discreto)

; COmo se realiza este analisis en frecuencia?



* Fourier Series (FS)

* Only for periodic signals



For a periodic signal? transformed domain?

e Historically, the Fourier Series was the first tool introduced...



Periodic signals

* A periodic signal satisfies:

r(t) = x(t + 1p)
1o ==> fundamental period

2
Wy = % —=> fundamental frequency
1
fo wo = 27 fo

:?07



Periodic signals

* Clearly we have also:



Periodic signals

 Now consider a signal x(t) with fundamental period To/2:

1o

r(t) = x(t + : )
z(t) ::v(t—l—ZJ;O) = z(t + T})

* Then x(t) fulfills also: Zl?(f) — $(If —+- T())



Periodic signals

* This is true for any signal x(t) with fundamental period To/k,

* where K Is an integer (positive or negative):

2 (1) = ot + 7];%
o(t) = 2(t + k72) = a(t + Tb)



Periodic signals

® Then all the signals with fundamental period To/k are also
periodic with period To.

* Then the signals also contains the frequencies which are multiple
of the fundamental frequency:

2
Wi = k’% — kwo
0

conflicto de notacion con k=0 (que es un valor posible)...
con k=0 es la frecuencia nula, pero no es la frecuencia fundamental w_0



Fourier Series

Fourier series representation

@ Jean Baptiste J Fourier (advisor and soldier with Napoleon, mathematician and politician)

proved in 1807 that any periodic signal with fundamental period 7, can be represented as a
linear combination (weighted sum) of complex exponential functions.

@ The set of harmonically related complex exponentials o Wuww ,

IS defined as:

b ! 1
bt = &7, conk = 0,41, 42, .. s

o
1

o With fundamental periods: Tp, -2, 22, . ..
@ And frequencies: fy, 2fu, 3o, - - -




Fourier Series

@ Then, ifx(¢) = x(t + Tp), it may be represented using Fourier series as:




Fourier Series

e Definition of the Fourier series:

—+ OO

r(t) = Z ae’ "ot

k= —0o0

* It Is a series then we have to consider the convergence.

* it Is a decomposition of the signal x(t) with respect to the periodic
pbases.



Fourier Series

* Definition of the Fourier series (synthesis equation):

—+ OO

r(t) = Z aje’ "ot

k=—0o0

 a_k: complex coefficients

* K Integer variable



Fourier Series
e Definition of the Fourier series :

* Synthesis equation: from a_k to x(t)

A — Qf(?f)

e we need to know a k



Fourier Series: frequency information?

* Frequency information is contained in the a_k’s

 INTEGRAL IN A PERIOD - from O to To or -To/2 to To/2, for instance.
* a_k: complex coefficients

* K Integer variable



Fourier Series: frequency information?

* Definition of the a_k (it is possible to prove it):

ak = 7 x(t)e vt
0 JT,
a. = i . ZC(t)e_jkatdt . = i fo/2 x(t)e—jkwotdt
T, T T, Ty /2

* the definition is a definite integral in a period (analysis equation)



Fourier Series: frequency information?

* Relationship with the frequencies contained in the signal:

conflicto de notacion con k=0 (que es un valor posible)...
con k=0 es la frecuencia nula, pero no es la frecuencia fundamental w_0

A — Wr = KWy




Which frequencies are into a periodic signal?

* Does a periodic signal contain all the frequencies?

 NO!! only the multiple of the fundamental frequency.

ar — Wi = Kwq

conflicto de notacion con k=0 (que es un valor posible)...
con k=0 es la frecuencia nula, pero no es la frecuencia fundamental w_0



Which frequencies are into a periodic signal?

* The coefficients a_k’s are complex numbers

e (square root of) ENERGY
INn each frequency

| / \ ok

—2w0 — W W0 2000 Swo 4&)() 5&)0 w



Which frequencies are into a periodic signal?

* Important observation:

* (square root of) ENERGY ‘ak’|

INn each frequency \

—2wp —Wo WD‘ZWO Swo 4wp oWy w

 In the middle i1s not defined...
these frequencies are not
contained



Now a brief summary

@ Summary for the Fourier series representation for continuous-time periodic signals:

 Synthesis equation:

 Analysis equation:

 The integral can be done in each interval
of length To (the period)



Observation:a 0O

e Note that:

1
an = x(t)dt
o TO/TO 0

* it Is the averaged value of the signal (“valor medio”) in one period.



Other forms of seeing the FS

+ 00O
r(t) = Z el "ot
k=—0o0
+ 00
r(t) = Z ai|cos(kwot) + j sin(kwot)
k=—o0

+ 00
r(t) = Z ay, cos(kwot) + J Z ar sin(kwot)

k——00 k=—0o0



Other forms of seeing the FS

+ 00O
r(t) = Z aje’ "ot
k=—0o0
+ OO + 00O
r(t) = Z ay, cos(kwot) + Z bi. sin(kwot)
k—=—o0 k=—o0

with bk — —I—ja,lC

Recall: a_k are complex numbers, in general



Other forms of seeing the FS

* There are many other mathematical forms: depending If the
signal iIs real, iIf the signal Is odd or even, or odd and real, or
even and real etc... (you will see some examples later)

e But it is the same “mathematical tool”

* (se puede escribir de diferentes formas, basta ser coherentes con
la ecuacion de analisis y sintesis, etc.)



Important example

x(t):{ 1, Si |f|<T1

0, siT) <|t|<T/2
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Important example
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@ As x(r) is periodic it can be represented using Fourier series: x(¢) = .72 __ age/*wo'.

@ Coefficient calculation:

1 T . 1 r7/2 . 1 o .
a; = —/ x(t)e "0 dr = —/ x(t)e "0 dt = —/ le ™ "0t = 1)
I Jo I''J 1) I J_r,

— 00

1 -1
_T'kwo

sin (kw71 )

_jka(]T] . —1 [e—]kaTl _ e,kaTl] — Yy
km

—h kwoT

e

* IMP: the notation for the period here is T, not To



Important example

* we give more details

* we come back the notation for the period To

—1 —7kwol’ kwol
a1, — e JRWoll __ pJRWoll
; jk’ono[ |
B BN BN BN BN BN BN BN BN BN BN BN BN BN B BN BN B B N = = =
27 | .
W — — sin(kwanT:) = — [elkwoltr _ o—Jkwolh
0= T (kwoT1) 2].[ |



Important example

* we give more details

| | |
— _]kCUOTl L ]kXU()Tl
Ak jkaT() [6 c ]
replacing inside:
(2 sin(kwoTh)
Al. — — ST\ KW
k ikom J 041
S1n /C(U()Tl
Al —

kr



Important example

Sin kWOTl * In this example, the a_k
A = ——————— are real: this is due to x(t)

]CT(' is real and even...

* in k=0, we have an indeterminate form (0/0), we can solve in this
way (again the notation for the period here is T, not To):

@ For k = 0, we calculate the coefficient independently:
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Convergence

e Consider a truncated Fourier Series:

N

:E(t)% Z ak€+jkwot

k=—N

when N goes to infinity, we recover the Fourier Series.



Convergence

when N goes to infinity, we recover the Fourier Series:

—ij()t —jw()t

ag alejwot a2632w0t

r(t)~a_ne ...a_1¢€

2N+1 is the number of total components in the sum!

N

pn(t) = ) apetF!

=— /N

aNeijOt




Convergence

* \We can define the “error signal” - error in approximation as:

N

en(t) =z(t) —xzn(t) = x(t) — Z a elkwot

k=—N
* v definimos el error (en un periodo) como:

En = / en (t)]°dt
1o




Convergence

* For a fixed N: It is possible to prove that the best choice (i.e.,
that minimizes ) of the coefficient a_k is

]./ ik /
— r(t)e 7700 dt
Lo Jr1, Q

* l.e., the coefficients of the Fourier Series (that we have already
defined and studied).

* Increasing N, with the a_k above: the error E_N decreases as N
grows, I.e.,

Eny —0 as N — 400



Convergence

A nice summary in Spanish: Entonces, si x(7)

tiene una representacién en serie de Fourier, la mejor aproximacién usando sélo un
namero finito de exponenciales complejas relacionadas arménicamente se obtiene trun-
cando la serie de Fourier al nimero de términos deseado. Conforme N se incrementa, se
suman nuevos términos y Ey disminuye. De hecho, si x(f) tiene una representacion en
serie de Fourier, entonces el limite de Ey cuando N — < €s cero.



Convergence: example

think t0 a periodic "rectangular” signal ....

Convergence example

Xplt) Xpll)

N=3

Figure 3.9 Convergence of the Founer senes representation of a square
wave: an illustration of the Gibbs phenomenon. Here, we have depicted the
finite series approximation xy(f) = > . , ae™v’ for several values of N.

M) |




Convergence: Gibbs phenomenon

Xplt) Xpll)

Figure 3.9 Convergence of the Fourier senes representation of a square
wave: an illustration of the Giobs phenomenon. Here, we have depicted the
fimite senies approximation xy(f) = >, , ae™v for several values of N.

N=79

(€)

e some problem In
the discontinuities




Convergence: examples

Cualquier funcion periodica puede ser representada por |la suma
de senos y cosenos de diferentes amplitudes y frecuencias

. Signal: L 1
' k=1 k=1
ANV A NYVA RNy A WA WA
: k=2 k=2

ncreasing they o~ SR S~
components in: , | |

the truncated SUMy =+ R 1 /™~ A A




Convergence: examples
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f =200 Hz

f =300 Hz
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Again about the example of the rectangle

 \We have saw that the a_k are real (this is due to x(t) is real
and even)

* Then, in this case we can represent directly a_Kk.

* For “normalization” reasons, we will plot a_kTo (a_k times
To)



Again about the example of the rectangle

al,
1y

* Frequencies contained In
| the periodic signal x(t) and
R the coefficients a_k times

| T 0, when the ratio T 1/
T _0=1/4

T1ITO=1/4 ‘ \ e What Is the dashed line?

‘ \ we cannot answer now. ..
-2""’0 ‘ y 2 Wp



And increasing the period To?

a.l,
M
* More frequencies In the
J . (¢
Ik signal !ll "mas banda
espectrales”
| \ . .
| \  What Iis the dashed line?
T,/ T,=1/8 | | we cannot answer now...
-40.’0 ; \ 4(00
\ ’ \
\
/ \
’ 0




And again increasing the period To?

Que pasa cuando
10 va a infinito?

T,/T,=1/16

 More frequencies in the signal !!!

e What is the dashed line? we cannot
answer now...

,' ||| Conforme aumenta T,

‘ aumenta el numero

de componentes
espectrales



And again increasing the period To?

 what happens when To diverges? I.e., To goes
to infinity?

* the signal becomes non-periodic....

 we Wwill see it again, and we will see what is the
dashed line...




Important property of a_k
Supongamos que x(f) es real 2> x(f)=x(f) A —> Wi = ka

Y(f) ZaA J(l’kf (Z ak J(‘)kf ] _ x* (]‘) _ Z ak* e—ja)kt _ Za_k* ej("kt
k k

Luego, si la senal es real, los coeficientes de |a serie de Fourier
verifican:

o *
a, =a.,

Los coeficientes poseen antisimetria conjugada, o lo que es lo
mismo, son hermiticos



Important property of a_k




Important property of a_k

o0 + 00
. -7/
r(t) = E aj e’ "ot r*(t) = E a* ., el wor
]{:—QQ k/!=—o0

...but k’ or k are just labels (etiquetas) !!
then we can write:

r*(t) = Z aikejkwot

k=—0o0



Important property of a_k

OO | -+ 00
Q?(t) __ Z akejkwot 7 (t) _ Z a*_kejkwot
k=—o0 k—=—0o0



Important property of a_k

* Then if x(t) is a real signal, we have:

Al — Cl_k
a, = a_g



Other alternative form of the Fourier Series
for a periodic real signal

« ALWAYS we can write:

+ OO
m(t) — ap + Z (akejkwot 4+ a_ke—jk’wot)
k=1

* If X(t) Is a real signal, we have:

r(t) = ag + Z (akejkwot + a}';e_jkwot)
k=1



Other alternative form of the Fourier Series
for a periodic real signal

* If X(t) is a real signal, we have:



Other alternative form of the Fourier Series
for a periodic real signal

e If X(t) Is a real signal, and expressing the
coefficients in polar form,

Al — Akejqbk

-+ 00
r(t) = ag + 2 Z Aj cos(kwot + o)
k=1



Other alternative form of the Fourier Series
for a periodic real signal

e If X(t) Is a real signal, and expressing the
coefficients in rectangular form,

z(t) = ag

ar = B + jC%

+ 00
2 Z Real { By cos(kwot)
k=1

7By sin(kwot) 4+ jC% cos(kwot) — Ck sin(kwot) }

+ 00 + 00
r(t) = ag + 2 Z By cos(kwgt) —22 C'y, sin(kwot)
k=1

k=1



Example: Fourier series of the cosine

r(t) = cos(wot)

J e For Euler...

| .
cos(wot) = 5 [63‘*’0t 4 6_9“’0t]

e Sum of complex exponentials...
this is already the Fourier Series !!!



Example: Fourier series of the cosine

| .
cos(wot) = 5 | Jwol 4 6_3“’0t]

e Sum of complex exponentials...
this is already the Fourier Series !!!

1 1
(l1 — — (I __ _— —
1 27 ]- 27

ar = 0 for all kK # —1,1



Example: Fourier series of the cosine

* Since the cosine is a real signal, check that:

Ul — Cl_k



Example: Fourier series of the sine
r(t) = sin(wot)

J e For Euler...

1
Siﬂ(bd()t) — 2— [6
J

ﬁ

jwol e—jwot]

e Sum of complex exponentials...
this is already the Fourier Series !!!
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1
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J

—1,1
| £ 1,
ar = 0 for all k #

jw()t

e—ngt]
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Example: Fourier series of the cosine

* Since the sine is a real signal, check that:

Ul — Cl_k



Does The Fourier series exist always?

* The Fourier series decomposition exists almost for all the
periodic signals.

* The integral of synthesis equation must exist:

1/ _jkwot
. = r(t)e 7700 dt
To ) (2)

since it is computed in a finite region - such as [0,To] - there are
“a lot of chances” that this integral exists and is a finite value,
for all k.




Does The Fourier series exist always?

* The integral of synthesis equation must exist:

1/ — jkwot
. = r(t)e 7700 dt
To ) (t)

However, for some ver strange signal x(t), this integral does not
exists.




Conditions for the existence of the Fourier series

* A class of periodic signals that admits Fourier Series, is the family
of all the periodic signals with finite energy (in the period) - below

we denote the signal as f(t):

/T 0

2dt < +0oc

* convergence in all “places” (for almost all t) maybe expect some
points “t” (isolated points - of null energy/measure - “aislados”).



Conditions for the existence of the Fourier series

ALTERNATIVELY:

* Considering a signal f(t), the Dirichlet conditions are:

1. fmust be absolutely integrable over a period.
2. fmust be of bdunded variation in any given bounded interval.

3. fmust have a fin‘ltg number of discontinuities in any given bounded interval, and the discontinuities cannot be infinite.

‘/ﬂﬂmﬁ<+m
1o



Conditions for the existence of the Fourier series

 Example 1: Consider the signal with period T_0=1:

x(t) =—-, 0<t=1;

[t does not satisfy the first Dirichelet condition (viola la primera
condicion) L




Conditions for the existence of the Fourier series

 Example 2: an example of signal that fulfills the first condition but
does not fulfill the second condition is

Un ejemplo de una funcién de tiempo que cumple con la condicién 1 pero no la
condicion 2 es

x(r) = sen (%Z-T) g<t<].

Para esta funcion, la cual es periddica con T = 1,

r x(?)| dt < 1.
; |

Sin embargo, la funcién tiene un niimero infinito de maximos y minimos en el intervalo.

It Is amazing that the integral in the
period is finite...think on it !!



Conditions for the existence of the Fourier series

« Example 2: "




Conditions for the existence of the Fourier series

« Example 3: an example of signhal that does not fulfill the third
condition is

X(t)




Questions?



