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Transformations for signal in continuous time

Fourier Series (FS) Stand. Fourier Transform (FT) Laplace Transform (FT)

Generalized 
Fourier Transform 
(GFT)

For Periodic signals For non-periodic signals

Mathematically, it is not 
completely valid… or we need 
other definition of Fourier 
Transformation….

also for some 
Signals with 

Infinite Energy



Example: “dividing” a signal - “discovering pieces”



Example: “dividing” a signal - frequency

frequency = reciprocal of the wave length 



 “Dividing-expressing” a signal in components of different frequencies



Next?

• Fourier Series (FS) 

• Only for periodic signals



For a periodic signal? transformed domain?

• Historically, the Fourier Series was the first tool introduced…



Periodic signals
• A periodic signal satisfies:

<latexit sha1_base64="SgVliEHSIM/VzVf63BtMtOfWue8=">AAACBHicbVDNS8MwHE3n15xfVY+7BIewIYxWFL0IAy8eJ+xLtlLSLN3C0rQkqThKD178V7x4UMSrf4Q3/xuzrgfdfJDweO/3kTwvYlQqy/o2Ciura+sbxc3S1vbO7p65f9CRYSwwaeOQhaLnIUkY5aStqGKkFwmCAo+Rrje5nvndeyIkDXlLTSPiBGjEqU8xUlpyzXIyyIYkHotJ+lBVtSt9nbRcq5a6ZsWqWxngMrFzUgE5mq75NRiGOA4IV5ghKfu2FSknQUJRzEhaGsSSRAhP0Ij0NeUoINJJsv0pPNbKEPqh0IcrmKm/OxIUSDkNPF0ZIDWWi95M/M/rx8q/dBLKo1gRjueL/JhBFcJZInBIBcGKTTVBWFD9VojHSCCsdG4lHYK9+OVl0jmt2+d16/as0rjL4yiCMjgCVWCDC9AAN6AJ2gCDR/AMXsGb8WS8GO/Gx7y0YOQ9h+APjM8f60aXrA==</latexit>

x(t) = x(t+ T0)
<latexit sha1_base64="mYJ0aswkd6Wl0aFlR30sGBi+xco="></latexit>

T0 ==> fundamental period
<latexit sha1_base64="QxfvE9IRCygthqGcCxdbrNUpeXo="></latexit>

!0 =
2⇡

T0
==> fundamental frequency

<latexit sha1_base64="9WrBLR7x8wFNAPw87SLhut7Hf7o="></latexit>

f0 =
1

T0
, !0 = 2⇡f0



Periodic signals
• Clearly we have also:

<latexit sha1_base64="cyrFE5yOUjHKSVoMW4K0VCzlb8w="></latexit>

x(t) = x(t� T0)

x(t) = x(t+ 2T0)

x(t) = x(t+ 3T0)

x(t) = x(t+ 4T0)

...



Periodic signals
• Now consider a signal x(t) with fundamental period To/2:


• Then x(t) fulfills also:

<latexit sha1_base64="DJWlVEITN820VPB0xZXDV2n1cBo="></latexit>

x(t) = x(t+
T0

2
)

x(t) = x(t+ 2
T0

2
) = x(t+ T0)

...
<latexit sha1_base64="SgVliEHSIM/VzVf63BtMtOfWue8=">AAACBHicbVDNS8MwHE3n15xfVY+7BIewIYxWFL0IAy8eJ+xLtlLSLN3C0rQkqThKD178V7x4UMSrf4Q3/xuzrgfdfJDweO/3kTwvYlQqy/o2Ciura+sbxc3S1vbO7p65f9CRYSwwaeOQhaLnIUkY5aStqGKkFwmCAo+Rrje5nvndeyIkDXlLTSPiBGjEqU8xUlpyzXIyyIYkHotJ+lBVtSt9nbRcq5a6ZsWqWxngMrFzUgE5mq75NRiGOA4IV5ghKfu2FSknQUJRzEhaGsSSRAhP0Ij0NeUoINJJsv0pPNbKEPqh0IcrmKm/OxIUSDkNPF0ZIDWWi95M/M/rx8q/dBLKo1gRjueL/JhBFcJZInBIBcGKTTVBWFD9VojHSCCsdG4lHYK9+OVl0jmt2+d16/as0rjL4yiCMjgCVWCDC9AAN6AJ2gCDR/AMXsGb8WS8GO/Gx7y0YOQ9h+APjM8f60aXrA==</latexit>

x(t) = x(t+ T0)



Periodic signals
• This is true for any signal x(t) with fundamental period To/k,


• where k is an integer (positive or negative):

<latexit sha1_base64="SgVliEHSIM/VzVf63BtMtOfWue8=">AAACBHicbVDNS8MwHE3n15xfVY+7BIewIYxWFL0IAy8eJ+xLtlLSLN3C0rQkqThKD178V7x4UMSrf4Q3/xuzrgfdfJDweO/3kTwvYlQqy/o2Ciura+sbxc3S1vbO7p65f9CRYSwwaeOQhaLnIUkY5aStqGKkFwmCAo+Rrje5nvndeyIkDXlLTSPiBGjEqU8xUlpyzXIyyIYkHotJ+lBVtSt9nbRcq5a6ZsWqWxngMrFzUgE5mq75NRiGOA4IV5ghKfu2FSknQUJRzEhaGsSSRAhP0Ij0NeUoINJJsv0pPNbKEPqh0IcrmKm/OxIUSDkNPF0ZIDWWi95M/M/rx8q/dBLKo1gRjueL/JhBFcJZInBIBcGKTTVBWFD9VojHSCCsdG4lHYK9+OVl0jmt2+d16/as0rjL4yiCMjgCVWCDC9AAN6AJ2gCDR/AMXsGb8WS8GO/Gx7y0YOQ9h+APjM8f60aXrA==</latexit>

x(t) = x(t+ T0)

<latexit sha1_base64="IgBjIYzaMB465zZjWEXj+faeWYI="></latexit>

x(t) = x(t+
T0

k
)

x(t) = x(t+ k
T0

k
) = x(t+ T0)



Periodic signals
• Then all the signals with fundamental period To/k are also  

periodic with period To. 

• Then the signals also contains the frequencies which are multiple 
of the fundamental frequency: 

<latexit sha1_base64="MPneGbzfGFJ4D7Jj/a7LLLHgXZU="></latexit>

!k = k
2⇡

T0
= k!0

conflicto de notación con k=0 (que es un valor posible)… 
con k=0 es la frecuencia nula, pero no es la frecuencia fundamental w_0



Fourier Series



Fourier Series



Fourier Series
• Definition of the Fourier series:


• It is a series then we have to consider the convergence.


• it is a decomposition of the signal x(t) with respect to the periodic 
bases. 

<latexit sha1_base64="cGusEP9xIqt48UQ0G++AQMSq/io="></latexit>

x(t) =
+1X

k=�1
ake

jk!0t



Fourier Series
• Definition of the Fourier series (synthesis equation):


• a_k: complex coefficients  

• k integer variable

<latexit sha1_base64="cGusEP9xIqt48UQ0G++AQMSq/io="></latexit>

x(t) =
+1X

k=�1
ake

jk!0t



Fourier Series
• Definition of the Fourier series :


• Synthesis equation: from a_k to x(t)


• we need to know a_k

<latexit sha1_base64="6WINWBfPoB+XqFg7ByQ4UwkuV9M="></latexit>

ak =) x(t)

<latexit sha1_base64="cGusEP9xIqt48UQ0G++AQMSq/io="></latexit>

x(t) =
+1X

k=�1
ake

jk!0t



Fourier Series: frequency information?
• Frequency information is contained in the a_k’s


• INTEGRAL IN A PERIOD - from 0 to To or  -To/2 to To/2, for instance. 

• a_k: complex coefficients 


• k integer variable

<latexit sha1_base64="Bz2XkeA0GZXOkM32kzQp0IhSsWY="></latexit>

ak =
1

T0

Z

T0

x(t)e�jk!0tdt



Fourier Series: frequency information?
• Definition of the a_k (it is possible to prove it):


• the definition is a definite integral in a period (analysis equation)

<latexit sha1_base64="Bz2XkeA0GZXOkM32kzQp0IhSsWY="></latexit>

ak =
1

T0

Z

T0

x(t)e�jk!0tdt

<latexit sha1_base64="dS24cADU4EW8NJtOI69o2ChkmsE="></latexit>

ak =
1

T0

Z T0

0
x(t)e�jk!0tdt

<latexit sha1_base64="qSmEm1LMoW9/v1J8p4gOk362Zv8="></latexit>

ak =
1

T0

Z T0/2

�T0/2
x(t)e�jk!0tdt



Fourier Series: frequency information?
• Relationship with the frequencies contained in the signal:

<latexit sha1_base64="n++GqhmnM0SQ/wxGgQJt4yT32KE="></latexit>

ak =) !k = k!0

<latexit sha1_base64="JbxC2k4e+jQYCOU2jmkBqOMPPbI="></latexit>

ak =
1

T0

Z

T0

x(t)e�jk!0tdt

conflicto de notación con k=0 (que es un valor posible)…

con k=0 es la frecuencia nula, pero no es la frecuencia fundamental w_0



Which frequencies are into a periodic signal?
• Does a periodic signal contain all the frequencies?


• NO!! only the multiple of the fundamental frequency.

<latexit sha1_base64="n++GqhmnM0SQ/wxGgQJt4yT32KE="></latexit>

ak =) !k = k!0
conflicto de notación con k=0 (que es un valor posible)…


con k=0 es la frecuencia nula, pero no es la frecuencia fundamental w_0



Which frequencies are into a periodic signal?
• The coefficients a_k’s are complex numbers

<latexit sha1_base64="sG8jxNYa24NN7FpsmLHqnrK88gw="></latexit>

|ak|

<latexit sha1_base64="KfCpppebM5WORF4nnCYkvJllYuA="></latexit>

k
<latexit sha1_base64="VHTzDUdDmsLiC3OXXHgRg5UDO+A="></latexit>

1
<latexit sha1_base64="/0o7l9GQDkDVpY9gx1RCjWIHhQg="></latexit>

2
<latexit sha1_base64="J9250DTBTJJKzL+JQKz0+3kidH8="></latexit>

3
<latexit sha1_base64="KU3RtJrlrEQAVNNYQEajEz4TE8M="></latexit>

4
<latexit sha1_base64="nieqKJmxXbQIknxvztSVEW/Lh84="></latexit>

5
<latexit sha1_base64="1awk0jzQ3tKK4/56Oy6OdIXGxEc="></latexit>�1

<latexit sha1_base64="YA0B4uxDrUMQrTwuAKz9Oo/CK94="></latexit>�2

<latexit sha1_base64="Rh9qHOdf6L1DKfq5L0Mz1VEJMx4="></latexit>�3

<latexit sha1_base64="sG8jxNYa24NN7FpsmLHqnrK88gw="></latexit>

|ak|

<latexit sha1_base64="dnBHwLqbdXN5EB5n6DOyC2JF3bo="></latexit>!0
<latexit sha1_base64="Hydcr6AsdPUt8t12ClltIHEsz5k="></latexit>

2!0
<latexit sha1_base64="ZnuZvgU/2+bJvwaJCOiOWUKIG3c="></latexit>

3!0
<latexit sha1_base64="cWhC4sd1Sc/nHVZFnFsw2BmCsGc="></latexit>

4!0
<latexit sha1_base64="pvkckbEJiP+0qjOVOsoV+ECMdwU="></latexit>

5!0
<latexit sha1_base64="s97bekvkbW8yzZbWPhVzYjwK9TA="></latexit>�!0

<latexit sha1_base64="L18ZAcmqNYJ5wggYc0CrUzSeHbo="></latexit>�2!0
<latexit sha1_base64="CCvJDng6gEH2u2ZkORCFBMEiIqE="></latexit>!

• (square root of) ENERGY 
in each frequency



Which frequencies are into a periodic signal?

• Important observation:
<latexit sha1_base64="sG8jxNYa24NN7FpsmLHqnrK88gw="></latexit>

|ak|

<latexit sha1_base64="dnBHwLqbdXN5EB5n6DOyC2JF3bo="></latexit>!0
<latexit sha1_base64="Hydcr6AsdPUt8t12ClltIHEsz5k="></latexit>

2!0
<latexit sha1_base64="ZnuZvgU/2+bJvwaJCOiOWUKIG3c="></latexit>

3!0
<latexit sha1_base64="cWhC4sd1Sc/nHVZFnFsw2BmCsGc="></latexit>

4!0
<latexit sha1_base64="pvkckbEJiP+0qjOVOsoV+ECMdwU="></latexit>

5!0
<latexit sha1_base64="s97bekvkbW8yzZbWPhVzYjwK9TA="></latexit>�!0

<latexit sha1_base64="L18ZAcmqNYJ5wggYc0CrUzSeHbo="></latexit>�2!0
<latexit sha1_base64="CCvJDng6gEH2u2ZkORCFBMEiIqE="></latexit>!

• In the middle is not defined… 
these f requenc ies are not 
contained

• (square root of) ENERGY 
in each frequency



Now a brief summary

• Analysis equation:

• Synthesis equation:

• The integral can be done in each interval 
of length To (the period)



Observation: a_0

• Note that:


• it is the averaged value of the signal (“valor medio”) in one period.

<latexit sha1_base64="v4H4ZYKK5AV4AlKD0gA8SD654vg="></latexit>

a0 =
1

T0

Z

T0

x(t)dt



Other forms of seeing the FS

<latexit sha1_base64="XF2aHHYu2AVSCkfBGnHAZTzPvoM="></latexit>

x(t) =
+1X

k=�1
ak[cos(k!0t)� j sin(k!0t)]

<latexit sha1_base64="NpkJVJcdnZWbxdIj325jbnMOBPs="></latexit>

x(t) =
+1X

k=�1
ak cos(k!0t)� j

+1X

k=�1
ak sin(k!0t)

<latexit sha1_base64="cGusEP9xIqt48UQ0G++AQMSq/io="></latexit>

x(t) =
+1X

k=�1
ake

jk!0t



Other forms of seeing the FS
<latexit sha1_base64="cGusEP9xIqt48UQ0G++AQMSq/io="></latexit>

x(t) =
+1X

k=�1
ake

jk!0t

<latexit sha1_base64="rwBW/41oVzYBwwOwFfZNgjoLZqM="></latexit>

x(t) =
+1X

k=�1
ak cos(k!0t) +

+1X

k=�1
bk sin(k!0t)

<latexit sha1_base64="CrO9WY9tqVIypnVKitA+eiDgRbg="></latexit>

with bk = �jak

Recall: a_k are complex numbers, in general



Other forms of seeing the FS

• There are many other mathematical forms: depending if the 
signal is real, if the signal is odd or even, or odd and real, or 
even and real etc… (you will see some examples later)  

• But it is the same “mathematical tool” 

• (se puede escribir de diferentes formas, basta ser coherentes con 
la ecuación de análisis y síntesis, etc.)



Important example



Important example

• IMP: the notation for the period here is T, not To



Important example
• we give more details


• we come back the notation for the period To
<latexit sha1_base64="XsvBWf0oaitd8WnUGlXoJ9XLVQc="></latexit>

ak =
�1

jk!0T0
[e�jk!0T1 � ejk!0T1 ]

<latexit sha1_base64="esxzQLPmjUQe+Rv3PZDtjoAe5U4="></latexit>

!0 =
2⇡

T0

<latexit sha1_base64="B5uU7V0HNm2SIJIb2S9/uEM+NJI="></latexit>

�2j sin(k!0T1) = �ejk!0T1 + e�jk!0T1

<latexit sha1_base64="ghROG6JUYuqt4/DKUOMbCJ069Xs="></latexit>

sin(k!0T1) =
1

2j
[ejk!0T1 � e�jk!0T1 ]



Important example
• we give more details


replacing inside:


<latexit sha1_base64="XsvBWf0oaitd8WnUGlXoJ9XLVQc="></latexit>

ak =
�1

jk!0T0
[e�jk!0T1 � ejk!0T1 ]

<latexit sha1_base64="66SMUTgmaGB1uO1PwCwu6gjS3yg="></latexit>

ak =
sin k!0T1

k⇡

<latexit sha1_base64="KlFkn1b0hBEymToZ6Edn1wLsU/A="></latexit>

ak =
�1

jk2⇡
[�2j sin(k!0T1)]



Important example

<latexit sha1_base64="p2DZ2FimIVh+WFw6pkflDwWMTiE="></latexit>

ak =
sin k!0T1

k⇡

• in this example, the a_k 
are real: this is due to x(t) 
is real and even…

• in k=0, we have an indeterminate form (0/0), we can solve in this 
way (again the notation for the period here is T, not To):



Important example: final solution

<latexit sha1_base64="p2DZ2FimIVh+WFw6pkflDwWMTiE="></latexit>

ak =
sin k!0T1

k⇡
<latexit sha1_base64="kW2W4gqABlJ6P/mscE5NCsVINXo="></latexit>

a0 =
2T1

T0



Convergence

• Consider a truncated Fourier Series: 

when N goes to infinity, we recover the Fourier Series.

<latexit sha1_base64="WIsiDMDlfQR26eU4+tZpSOc+Wq0="></latexit>

x(t)⇡
NX

k=�N

ake
�jk!0t



Convergence

when N goes to infinity, we recover the Fourier Series:


2N+1 is the number of total components in the sum!

<latexit sha1_base64="Q6bGBPgJJGefKY8TITtz1Z4enNI=">AAADXXiclZJBb9MwFMfdhMEWxujgwIGLRTVpCLUk1Sa4IE2CA6dqSO02qekix3E60ySO7Be0yvKX5AYXvgpOmklr1wNYSvLP+//ee8mz4zLjCnz/V8dxH+08frK75z3df3bwvHv44kKJSlI2oSIT8iomimW8YBPgkLGrUjKSxxm7jBefa//yB5OK i2IMy5LNcjIveMopARuKDjvqiERah00lLVliFsZ8ClNJqA6MHkfaNwaHvIDo7uX2GN5idq3761k4FDmbk5rBYHCCwfv30v1x5L8fmmu9ev5Hj4a8T4WkLKW4Ndhi/ZFpqnzHo/XUd2GWCFANE9wx60Qj6vvK32IPW2O4tXZNjFpio3vU7fkDv1n4oQha0UPtOo+6P8NE0CpnBdCMKDUN/BJmmkjgNGPGCyvFSkIXZM6mVhYkZ2qmm5kYfGQjCU6FtFcBuInez9AkV2qZx5bMCdyoTa8ObvOmFaQfZ5oXZQWsoKtGaZVhELg+ajjhklHIllYQKrn9VkxviN1+sAfSs0MINn/5obgYDoLTgf/tpHf2pR3HLnqN3qBjFKAP6Ax9Redogmjnt4OcPcdz/rg77r57sEKdTpvzEq0t99VfaKYRcw==</latexit>

x(t)⇡a�Ne�jN!0t + . . . a�1e
�j!0t + a0 + a1e

j!0t + a2e
j2!0t + . . .+ aNejN!0t

<latexit sha1_base64="8CFyJDdJynVPxoF56W0U77Tchxo="></latexit>

xN (t) =
NX

k=�N

ake
+jk!0t



Convergence

• We can define the “error signal” - error in approximation as:


• y definimos el error (en un periodo) como:

<latexit sha1_base64="V2SCKWdsYbMPBNT7wWZbBR0A4JM="></latexit>

eN (t) = x(t)� xN (t) = x(t)�
NX

k=�N

ake
jk!0t

<latexit sha1_base64="q4BboaxfJ74TBqK0+a7aI23hogA="></latexit>

EN =

Z

T0

|eN (t)|2dt



Convergence
• For a fixed N: It is possible to prove that the best choice (i.e., 

that minimizes ) of the coefficient a_k is


• i.e., the coefficients of the Fourier Series (that we have already 
defined and studied). 


• Increasing N, with the a_k above: the error E_N decreases as N 
grows, i.e.,  

<latexit sha1_base64="Bz2XkeA0GZXOkM32kzQp0IhSsWY="></latexit>

ak =
1

T0

Z

T0

x(t)e�jk!0tdt

<latexit sha1_base64="toNgSmVhTLA14zZYW7cnMHHTMOA="></latexit>

EN ! 0
<latexit sha1_base64="JFkqp6KOvVByMiJPgiG0P+ygp3o="></latexit>

as N ! +1



Convergence

A nice summary in Spanish:



Convergence: example



Convergence: Gibbs phenomenon

• some problem in 
the discontinuities 



Convergence: examples

I nc reas ing the 
components in 
the truncated sum

• Signal:



Convergence: examples



Again about the example of the rectangle
• We have saw that the a_k are real (this is due to x(t) is real 

and even)


• Then, in this case we can represent directly a_k.


• For “normalization” reasons, we will plot a_kTo (a_k times 
To)



Again about the example of the rectangle
• Frequencies contained in 

the periodic signal x(t) and 
the coefficients a_k times 
T_0, when the ratio T_1/
T_0=1/4

• What is the dashed line? 
we cannot answer now…



And increasing the period To? 

• More frequencies in the 
signal ! ! ! “mas banda 
espectrales”


• What is the dashed line? 
we cannot answer now…



And again increasing the period To? 

• More frequencies in the signal !!! 

• What is the dashed line? we cannot 
answer now…



And again increasing the period To? 

• what happens when To  diverges? i.e., To goes 
to infinity?


• the signal becomes non-periodic….


• we will see it again, and we will see what is the 
dashed line…

<latexit sha1_base64="21T2fF7Q7pEUuM7Os7M3j3T49SQ=">AAACLXicbVDLSsNAFJ3UV42vqEs3wVKomzIpRd0UirpwWaEvaGqYTCft0MmDmYlQQn7Ijb8igouKuPU3nLYRauuBgcM553LnHjdiVEgIp1puY3Nreye/q+/tHxweGccnbRHGHJMWDlnIuy4ShNGAtCSVjHQjTpDvMtJxx7czv/NEuKBh0JSTiPR9NAyoRzGSSnKMu6Id+mSIHFizPY5wUrEjmiZNB6Z6Zj0mpfFFWhv/Bpd0qHSoQ8cowDKcw1wnVkYKIEPDMd7sQYhjnwQSMyREz4KR7CeIS4oZSXU7FiRCeIyGpKdogHwi+sn82tQsKmVgeiFXL5DmXF2eSJAvxMR3VdJHciRWvZn4n9eLpXfdT2gQxZIEeLHIi5kpQ3NWnTmgnGDJJoogzKn6q4lHSJUmVcG6KsFaPXmdtCtl67JcfagW6jdZHXlwBs5BCVjgCtTBPWiAFsDgGbyCKfjQXrR37VP7WkRzWjZzCv5A+/4BNEamOA==</latexit>

0



Important property of a_k 
<latexit sha1_base64="n++GqhmnM0SQ/wxGgQJt4yT32KE="></latexit>

ak =) !k = k!0



Important property of a_k 

<latexit sha1_base64="nZ2avtTZ+NBfPlCLivxN6rAxVXs="></latexit>

x(t) =
+1X

k=�1
ake

jk!0t

<latexit sha1_base64="fuwZj4clWxeVw7VGm+4EmK0BTYk="></latexit>

x⇤(t) =
+1X

k=�1
a⇤ke

�jk!0t

<latexit sha1_base64="Ke/0iXGwMlXQYXWqmLy+qW6DJQQ="></latexit>

k = �k0

<latexit sha1_base64="OiOEAkKn+NaWWBG0h9jUnv/XvoU="></latexit>

x⇤(t) =
+1X

k0=�1
a⇤�k0ejk

0!0t



Important property of a_k 
<latexit sha1_base64="OiOEAkKn+NaWWBG0h9jUnv/XvoU="></latexit>

x⇤(t) =
+1X

k0=�1
a⇤�k0ejk

0!0t

<latexit sha1_base64="nZ2avtTZ+NBfPlCLivxN6rAxVXs="></latexit>

x(t) =
+1X

k=�1
ake

jk!0t

…but k’ or k are just labels (etiquetas) !!! 
then we can write:

<latexit sha1_base64="cq+g7korQna4lFZJLTwVf4m+H8U="></latexit>

x⇤(t) =
+1X

k=�1
a⇤�ke

jk!0t



Important property of a_k 
<latexit sha1_base64="nZ2avtTZ+NBfPlCLivxN6rAxVXs="></latexit>

x(t) =
+1X

k=�1
ake

jk!0t

<latexit sha1_base64="cq+g7korQna4lFZJLTwVf4m+H8U="></latexit>

x⇤(t) =
+1X

k=�1
a⇤�ke

jk!0t

<latexit sha1_base64="3qwagjrztAUy65avZq0Dy68eR08="></latexit>

ak = a⇤�k
<latexit sha1_base64="fjZDN5JbON5BJOUvpmX6F12YQPc="></latexit>

a⇤k = a�k

<latexit sha1_base64="nj+w8/HI/m22QuHfnO4ioGZHpJ8="></latexit>

if x(t) = x⇤(t):



Important property of a_k 

• Then if x(t) is a real signal, we have:

<latexit sha1_base64="VAXoR2eVeKd4bfPsQFJJirORX4k="></latexit>

ak = a⇤�k
<latexit sha1_base64="fjZDN5JbON5BJOUvpmX6F12YQPc="></latexit>

a⇤k = a�k



Other alternative form of the Fourier Series 
for a periodic real signal 

•  ALWAYS we can write:


• If x(t) is a real signal, we have:
<latexit sha1_base64="Ary295dMW0MkakwRSHnENcN8UTg="></latexit>

x(t) = a0 +
+1X

k=1

�
ake

jk!0t + a⇤ke
�jk!0t

�

<latexit sha1_base64="m1hVK8HqDmr+fpW/relrMBJlyDo="></latexit>

x(t) = a0 +
+1X

k=1

�
ake

jk!0t + a�ke
�jk!0t

�



Other alternative form of the Fourier Series 
for a periodic real signal 

• If x(t) is a real signal, we have:

<latexit sha1_base64="U80hZ4/FpbfyOqYULY2DgykGSjg="></latexit>

x(t) = a0 + 2
+1X

k=1

Real{akejk!0t}

<latexit sha1_base64="Ary295dMW0MkakwRSHnENcN8UTg="></latexit>

x(t) = a0 +
+1X

k=1

�
ake

jk!0t + a⇤ke
�jk!0t

�



Other alternative form of the Fourier Series 
for a periodic real signal 

• If x(t) is a real signal, and expressing the 
coefficients in polar form,


<latexit sha1_base64="BrUkTORb7tsNQNFeVxSPOBmR4LM="></latexit>

ak = Ake
j�k

<latexit sha1_base64="M5x79MOI812ozLABf3QcPmqEABc="></latexit>

x(t) = a0 + 2
+1X

k=1

Ak cos(k!0t+ �k)



Other alternative form of the Fourier Series 
for a periodic real signal 

• If x(t) is a real signal, and expressing the 
coefficients in rectangular form,


<latexit sha1_base64="CrsWZ7B3JLGClT3leOGmjd0dHq0="></latexit>

ak = Bk + jCk
<latexit sha1_base64="BgRr4JspG8qlnc4c1ZaQvEqo6V0="></latexit>

x(t) = a0 + 2
+1X

k=1

Real {Bk cos(k!0t) + jBk sin(k!0t) + jCk cos(k!0t)� Ck sin(k!0t)}

<latexit sha1_base64="C3a7ADVSUNRB+4MIyUQd2zezkn0="></latexit>

x(t) = a0 + 2
+1X

k=1

Bk cos(k!0t)�
+1X

k=1

Ck sin(k!0t)
<latexit sha1_base64="oxdqzF4MiHpBPLG0Bz4E/hBzZUc="></latexit>

2



Example: Fourier series of the cosine 
<latexit sha1_base64="/daThMaYjjVbK4KKLZsZ9Tr5YP8="></latexit>

x(t) = cos(!0t)

<latexit sha1_base64="PlcjgfyWPfsTSEMriPvA/DT1aZM="></latexit>

cos(!0t) =
1

2
[ej!0t + e�j!0t]

• For Euler…

• Sum of complex exponentials… 
this is already the Fourier Series !!!



Example: Fourier series of the cosine 
<latexit sha1_base64="PlcjgfyWPfsTSEMriPvA/DT1aZM="></latexit>

cos(!0t) =
1

2
[ej!0t + e�j!0t]

• Sum of complex exponentials… 
this is already the Fourier Series !!!

<latexit sha1_base64="67qaTLEylf8f0E8YCyMQOlArjss="></latexit>

a1 =
1

2
, a�1 =

1

2
,

<latexit sha1_base64="diqA1277tLLZkaXsgMrjkJhP5RE="></latexit>

ak = 0 for all k 6= �1, 1



Example: Fourier series of the cosine 

• Since the cosine is a real signal, check that:

<latexit sha1_base64="VAXoR2eVeKd4bfPsQFJJirORX4k="></latexit>

ak = a⇤�k



Example: Fourier series of the sine 

• For Euler…

• Sum of complex exponentials… 
this is already the Fourier Series !!!

<latexit sha1_base64="A0K5THxj0rIXdVkp6UdaDAN/j34="></latexit>

x(t) = sin(!0t)

<latexit sha1_base64="8wuuLSQXeh8ea+ZpgCueD2+rIp0="></latexit>

sin(!0t) =
1

2j
[ej!0t � e�j!0t]



Example: Fourier series of the cosine 

• Sum of complex exponentials… 
this is already the Fourier Series !!!

<latexit sha1_base64="diqA1277tLLZkaXsgMrjkJhP5RE="></latexit>

ak = 0 for all k 6= �1, 1

<latexit sha1_base64="8wuuLSQXeh8ea+ZpgCueD2+rIp0="></latexit>

sin(!0t) =
1

2j
[ej!0t � e�j!0t]

<latexit sha1_base64="55zi23w4BhH6D7913dkWKlSzgQc="></latexit>

a1 =
1

2j
, a�1 = � 1

2j
,



Example: Fourier series of the cosine 

• Since the sine is a real signal, check that:

<latexit sha1_base64="VAXoR2eVeKd4bfPsQFJJirORX4k="></latexit>

ak = a⇤�k



Does The Fourier series exist always?

• The Fourier series decomposition exists almost for all the 
periodic signals.


• The integral of synthesis equation must exist:


since it is computed in a finite region - such as [0,To] - there are 
“a lot of chances” that this integral exists and is a finite value, 
for all k.  

<latexit sha1_base64="Bz2XkeA0GZXOkM32kzQp0IhSsWY="></latexit>

ak =
1

T0

Z

T0

x(t)e�jk!0tdt



Does The Fourier series exist always?

• The integral of synthesis equation must exist:


However, for some ver strange signal x(t), this integral does not 
exists.

<latexit sha1_base64="Bz2XkeA0GZXOkM32kzQp0IhSsWY="></latexit>

ak =
1

T0

Z

T0

x(t)e�jk!0tdt



Conditions for the existence of the Fourier series

• A class of periodic signals that admits Fourier Series, is the family 
of all the periodic signals  with finite energy (in the period) - below 
we denote the signal as f(t):


• convergence in all “places” (for almost all t) maybe expect some 
points “t” (isolated points - of null energy/measure - “aislados”).  

<latexit sha1_base64="qIxTJqV1skPz3iebz4UmUqimWT4="></latexit>Z

T0

|f(t)|2dt < +1



Conditions for the existence of the Fourier series

• Considering a signal f(t), the Dirichlet conditions are:
ALTERNATIVELY:

<latexit sha1_base64="fGgQcSWFvJFOGps5Cn63rMGInIw="></latexit>Z

T0

|f(t)|dt < +1



Conditions for the existence of the Fourier series

• Example 1: Consider the signal with period T_0=1:


• It does not satisfy the first Dirichelet condition (viola la primera 
condición)



Conditions for the existence of the Fourier series

• Example 2: an example of signal that fulfills the first condition but 
does not fulfill the second condition is 

It is amazing that the integral in the 
period is finite…think on it !! 



Conditions for the existence of the Fourier series

• Example 2:  



Conditions for the existence of the Fourier series

• Example 3: an example of signal that does not fulfill the third 
condition is 



Questions?


