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Example 1 of these slides

• Consider the system:  

<latexit sha1_base64="BFuLj3k+Km5ZtivdPt1eeutNM8U=">AAACCXicbVC7SgNBFJ2Nrxhfq5Y2g0HYIAm7QdFGCNhYRjAPSZYwO5kkQ2YfzNyVhCWtjb9iY6GIrX9g59842aTQxAMXDufcO3fu8SLBFdj2t5FZWV1b38hu5ra2d3b3zP2DugpjSVmNhiKUTY8oJnjAasBBsGYkGfE9wRre8HrqNx6YVDwM7mAcMdcn/YD3OCWgpY6JxxYUrkYWFMuF05GVtNMnE0/EbFIuwqTQMfN2yU6Bl4kzJ3k0R7VjfrW7IY19FgAVRKmWY0fgJkQCp4JNcu1YsYjQIemzlqYB8Zlyk3TtBJ9opYt7odQVAE7V3xMJ8ZUa+57u9AkM1KI3Ff/zWjH0Lt2EB1EMLKCzRb1YYAjxNBbc5ZJREGNNCJVc/xXTAZGEgg4vp0NwFk9eJvVyyTkv2bdn+cr9PI4sOkLHyEIOukAVdIOqqIYoekTP6BW9GU/Gi/FufMxaM8Z85hD9gfH5A2UCmPc=</latexit>

y(t) = x(t� 2) + x(2� t)



Example 1 of these slides

• With memory (non-memoryless): it depends on the past and future….  

<latexit sha1_base64="zGw/tY7R4gM+1FsMTAGNhDIZKto=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HYIAm7QdGLEPDiMYJ5SLKE2clsMmT2wUyvJCz5FS8eFPHqj3jzb5wke9DEgoaiqpvuLi8WXIFtfxtr6xubW9u5nfzu3v7BoXlUaKookZQ1aCQi2faIYoKHrAEcBGvHkpHAE6zljW5nfuuJScWj8AEmMXMDMgi5zykBLfXMwsSC0s3YgnK1dD62qmUo9cyiXbHnwKvEyUgRZaj3zK9uP6JJwEKggijVcewY3JRI4FSwab6bKBYTOiID1tE0JAFTbjq/fYrPtNLHfiR1hYDn6u+JlARKTQJPdwYEhmrZm4n/eZ0E/Gs35WGcAAvpYpGfCAwRngWB+1wyCmKiCaGS61sxHRJJKOi48joEZ/nlVdKsVpzLin1/Uaw9ZnHk0Ak6RRZy0BWqoTtURw1E0Rg9o1f0ZkyNF+Pd+Fi0rhnZzDH6A+PzB7IYklg=</latexit>

y(t) = x(t� 2) + x(2� t)



Example 1 of these slides

• Non-causal: it depends on the past and future….  for instance in 
t=0:

<latexit sha1_base64="zGw/tY7R4gM+1FsMTAGNhDIZKto=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HYIAm7QdGLEPDiMYJ5SLKE2clsMmT2wUyvJCz5FS8eFPHqj3jzb5wke9DEgoaiqpvuLi8WXIFtfxtr6xubW9u5nfzu3v7BoXlUaKookZQ1aCQi2faIYoKHrAEcBGvHkpHAE6zljW5nfuuJScWj8AEmMXMDMgi5zykBLfXMwsSC0s3YgnK1dD62qmUo9cyiXbHnwKvEyUgRZaj3zK9uP6JJwEKggijVcewY3JRI4FSwab6bKBYTOiID1tE0JAFTbjq/fYrPtNLHfiR1hYDn6u+JlARKTQJPdwYEhmrZm4n/eZ0E/Gs35WGcAAvpYpGfCAwRngWB+1wyCmKiCaGS61sxHRJJKOi48joEZ/nlVdKsVpzLin1/Uaw9ZnHk0Ak6RRZy0BWqoTtURw1E0Rg9o1f0ZkyNF+Pd+Fi0rhnZzDH6A+PzB7IYklg=</latexit>

y(t) = x(t� 2) + x(2� t)

<latexit sha1_base64="go035TV/dlR/M83WApkd5JAxR+s=">AAACGnicbVDLSsNAFJ34rPVVdekmWAop0pIERTdCwY3LCvYhbSmT6aQdOnkwcyMNId/hxl9x40IRd+LGv3HaZqGtBwYO55w7c+c4IWcSTPNbW1ldW9/YzG3lt3d29/YLB4dNGUSC0AYJeCDaDpaUM582gAGn7VBQ7Dmctpzx9dRvPVAhWeDfQRzSnoeHPnMZwaCkfsEqxQaUryYGVOzy6cRIurM7E4dHNLUrkJbzsWFOA3PfLvcLRbNqzqAvEysjRZSh3i98dgcBiTzqA+FYyo5lhtBLsABGOE3z3UjSEJMxHtKOoj72qOwlszVSvaSUge4GQh0f9Jn6eyLBnpSx56ikh2EkF72p+J/XicC97CXMDyOgPpk/5EZch0Cf9qQPmKAEeKwIJoKpXXUywgITUG3mVQnW4peXSdOuWudV8/asWLvP6sihY3SCDGShC1RDN6iOGoigR/SMXtGb9qS9aO/axzy6omUzR+gPtK8fTZ2dVQ==</latexit>

y(0) = x(�2) + x(2)



Example 1 of these slides

• STABLE: if we have a bounded input x(t) the output is bounded.

<latexit sha1_base64="zGw/tY7R4gM+1FsMTAGNhDIZKto=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HYIAm7QdGLEPDiMYJ5SLKE2clsMmT2wUyvJCz5FS8eFPHqj3jzb5wke9DEgoaiqpvuLi8WXIFtfxtr6xubW9u5nfzu3v7BoXlUaKookZQ1aCQi2faIYoKHrAEcBGvHkpHAE6zljW5nfuuJScWj8AEmMXMDMgi5zykBLfXMwsSC0s3YgnK1dD62qmUo9cyiXbHnwKvEyUgRZaj3zK9uP6JJwEKggijVcewY3JRI4FSwab6bKBYTOiID1tE0JAFTbjq/fYrPtNLHfiR1hYDn6u+JlARKTQJPdwYEhmrZm4n/eZ0E/Gs35WGcAAvpYpGfCAwRngWB+1wyCmKiCaGS61sxHRJJKOi48joEZ/nlVdKsVpzLin1/Uaw9ZnHk0Ak6RRZy0BWqoTtURw1E0Rg9o1f0ZkyNF+Pd+Fi0rhnZzDH6A+PzB7IYklg=</latexit>

y(t) = x(t� 2) + x(2� t)



Example 1 of these slides

• For the linearity, we have first to write the output y_z(t) 
corresponding to other input, z(t), defined as linear combination 
of two inputs: 

<latexit sha1_base64="zGw/tY7R4gM+1FsMTAGNhDIZKto=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HYIAm7QdGLEPDiMYJ5SLKE2clsMmT2wUyvJCz5FS8eFPHqj3jzb5wke9DEgoaiqpvuLi8WXIFtfxtr6xubW9u5nfzu3v7BoXlUaKookZQ1aCQi2faIYoKHrAEcBGvHkpHAE6zljW5nfuuJScWj8AEmMXMDMgi5zykBLfXMwsSC0s3YgnK1dD62qmUo9cyiXbHnwKvEyUgRZaj3zK9uP6JJwEKggijVcewY3JRI4FSwab6bKBYTOiID1tE0JAFTbjq/fYrPtNLHfiR1hYDn6u+JlARKTQJPdwYEhmrZm4n/eZ0E/Gs35WGcAAvpYpGfCAwRngWB+1wyCmKiCaGS61sxHRJJKOi48joEZ/nlVdKsVpzLin1/Uaw9ZnHk0Ak6RRZy0BWqoTtURw1E0Rg9o1f0ZkyNF+Pd+Fi0rhnZzDH6A+PzB7IYklg=</latexit>

y(t) = x(t� 2) + x(2� t)

<latexit sha1_base64="ZDiviSZQ721xm8HiyDwsAAKe6gY="></latexit>

z(t) = ax1(t) + bx2(t)



Example 1 of these slides

• For the linearity, we have first to write the output y_z(t) 
corresponding to other input, z(t), defined as linear combination 
of two inputs: 

<latexit sha1_base64="ZDiviSZQ721xm8HiyDwsAAKe6gY="></latexit>

z(t) = ax1(t) + bx2(t)
<latexit sha1_base64="cgPSACadxh5CD4WyZ8FLeIkK0C4="></latexit>

yz(t) = z(t� 2) + z(2� t)

<latexit sha1_base64="sAjQX2PaxsWUcAx4TWiiY91ZWVU="></latexit>

yz(t) = ax1(t� 2) + bx2(t� 2) + ax1(2� t) + bx2(2� t)

<latexit sha1_base64="68m3DDth67VNSBI/jczCrtITghI="></latexit>

yz(t) = a(x1(t� 2) + x1(2� t)) + b(x2(t� 2) + x2(2� t))



Example 1 of these slides

• We have to test if y_z(t) is equal to y_c(t) (combinations of 
outputs):


• where

<latexit sha1_base64="NWrqAOw/uwhYFc7dQAOYpE5Yo0M="></latexit>

yc(t) = ay1(t) + by2(t)

<latexit sha1_base64="5KxXPI2XGj80bU36iHuR9C5bGR0="></latexit>

y1(t) = x1(t� 2) + x1(2� t)

y2(t) = x2(t� 2) + x2(2� t)



Example 1 of these slides

<latexit sha1_base64="WXu4JagNXRxCXCURxSakRyTvI9Y="></latexit>

yc(t) = a(x1(t� 2) + x1(2� t)) + b(x2(t� 2) + x2(2� t))

• Replacing inside, we obtain:


• then, since:


•  we have:


•  so it is linear!!

<latexit sha1_base64="5uWVXrqTceu5mF6nmovkqZW6YYs="></latexit>

yz(t) = yc(t)

<latexit sha1_base64="68m3DDth67VNSBI/jczCrtITghI="></latexit>

yz(t) = a(x1(t� 2) + x1(2� t)) + b(x2(t� 2) + x2(2� t))



Example 1 of these slides

• For the time-invariance, we have first to compute:

<latexit sha1_base64="zGw/tY7R4gM+1FsMTAGNhDIZKto=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HYIAm7QdGLEPDiMYJ5SLKE2clsMmT2wUyvJCz5FS8eFPHqj3jzb5wke9DEgoaiqpvuLi8WXIFtfxtr6xubW9u5nfzu3v7BoXlUaKookZQ1aCQi2faIYoKHrAEcBGvHkpHAE6zljW5nfuuJScWj8AEmMXMDMgi5zykBLfXMwsSC0s3YgnK1dD62qmUo9cyiXbHnwKvEyUgRZaj3zK9uP6JJwEKggijVcewY3JRI4FSwab6bKBYTOiID1tE0JAFTbjq/fYrPtNLHfiR1hYDn6u+JlARKTQJPdwYEhmrZm4n/eZ0E/Gs35WGcAAvpYpGfCAwRngWB+1wyCmKiCaGS61sxHRJJKOi48joEZ/nlVdKsVpzLin1/Uaw9ZnHk0Ak6RRZy0BWqoTtURw1E0Rg9o1f0ZkyNF+Pd+Fi0rhnZzDH6A+PzB7IYklg=</latexit>

y(t) = x(t� 2) + x(2� t)

<latexit sha1_base64="zOV4/qIreq/QcP/oelitO/O18KU="></latexit>

y(t� t0) = x((t� t0)� 2) + x(2� (t� t0))

y(t� t0) = x(t� t0 � 2) + x(2� t+t0)



Example 1 of these slides

• Then we to compute the output, y_d(t) corresponding to a 
delayed input d(t)=x(t-t_0):

<latexit sha1_base64="zGw/tY7R4gM+1FsMTAGNhDIZKto=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HYIAm7QdGLEPDiMYJ5SLKE2clsMmT2wUyvJCz5FS8eFPHqj3jzb5wke9DEgoaiqpvuLi8WXIFtfxtr6xubW9u5nfzu3v7BoXlUaKookZQ1aCQi2faIYoKHrAEcBGvHkpHAE6zljW5nfuuJScWj8AEmMXMDMgi5zykBLfXMwsSC0s3YgnK1dD62qmUo9cyiXbHnwKvEyUgRZaj3zK9uP6JJwEKggijVcewY3JRI4FSwab6bKBYTOiID1tE0JAFTbjq/fYrPtNLHfiR1hYDn6u+JlARKTQJPdwYEhmrZm4n/eZ0E/Gs35WGcAAvpYpGfCAwRngWB+1wyCmKiCaGS61sxHRJJKOi48joEZ/nlVdKsVpzLin1/Uaw9ZnHk0Ak6RRZy0BWqoTtURw1E0Rg9o1f0ZkyNF+Pd+Fi0rhnZzDH6A+PzB7IYklg=</latexit>

y(t) = x(t� 2) + x(2� t)

<latexit sha1_base64="R2LxXe6rktpSOFXJL9SLVFmRsPQ="></latexit>

yd(t) = d(t� 2) + d(2� t)

<latexit sha1_base64="Rjs5UJYRaiKIUlvhh2UvB7013KI="></latexit>

d(t) = x(t� t0)



Example 1 of these slides

• difficult part, replacing d(t)=x(t-t_0):  ``replace d with x’’ 
and just add -t_0 within the parenthesis…. 

<latexit sha1_base64="R2LxXe6rktpSOFXJL9SLVFmRsPQ="></latexit>

yd(t) = d(t� 2) + d(2� t)

<latexit sha1_base64="lIOgiyewMCeqheJ29XrUokAiBGc="></latexit>

yd(t) = x(t� 2� t0) + x(2� t� t0)



Example 1 of these slides
• Finally, note that:


• so that, it is time variant (not time-invariant)

<latexit sha1_base64="lIOgiyewMCeqheJ29XrUokAiBGc="></latexit>

yd(t) = x(t� 2� t0) + x(2� t� t0)
<latexit sha1_base64="dlvRJ6Af/KPk7yDp8Wtn/+I9Mc4="></latexit>

y(t� t0) = x(t� t0 � 2) + x(2� t+t0)
<latexit sha1_base64="7NxnSSpWPttY2VRia7U7fIdJE08="></latexit>

y(t� t0) 6= yd(t)



Example 2

• Consider the system:  
<latexit sha1_base64="YvdJPqGf+toK2LKM3eqqjK+T5P0="></latexit>

y(t) = x(t) + x(t� 2)



Example 2

• With memory (non-memoryless): it depends on the past….  

<latexit sha1_base64="YvdJPqGf+toK2LKM3eqqjK+T5P0="></latexit>

y(t) = x(t) + x(t� 2)



Example 2

• Causal: it depends on the past and present time instant

<latexit sha1_base64="YvdJPqGf+toK2LKM3eqqjK+T5P0="></latexit>

y(t) = x(t) + x(t� 2)



Example 2

• STABLE: if we have a bounded input x(t) the output is bounded.

<latexit sha1_base64="YvdJPqGf+toK2LKM3eqqjK+T5P0="></latexit>

y(t) = x(t) + x(t� 2)



Example 2

• For the linearity, we have first to write the output y_z(t) 
corresponding to other input, z(t), defined as linear combination 
of two inputs: 

<latexit sha1_base64="ZDiviSZQ721xm8HiyDwsAAKe6gY="></latexit>

z(t) = ax1(t) + bx2(t)

<latexit sha1_base64="YvdJPqGf+toK2LKM3eqqjK+T5P0="></latexit>

y(t) = x(t) + x(t� 2)



Example 2

• For the linearity, we have first to write the output y_z(t) 
corresponding to other input, z(t), defined as linear combination 
of two inputs: 

<latexit sha1_base64="ZDiviSZQ721xm8HiyDwsAAKe6gY="></latexit>

z(t) = ax1(t) + bx2(t)
<latexit sha1_base64="qqt4C2Fes5LRycL0Rl3Q0V02suQ="></latexit>

yZ(t) = z(t) + z(t� 2)
<latexit sha1_base64="3ajfmKAUeFm4Q2UUWL519sc3mQ8="></latexit>

yz(t) = ax1(t) + bx2(t) + ax1(t� 2) + bx2(t� 2)
<latexit sha1_base64="OYVYSn7+Wz2jq34c992dRobIb+Q="></latexit>

yz(t) = a(x1(t) + x1(t� 2)) + b(x2(t) + x2(t� 2))



Example 2

• We have to test if y_z(t) is equal to y_c(t) (combinations of 
outputs):


• where

<latexit sha1_base64="NWrqAOw/uwhYFc7dQAOYpE5Yo0M="></latexit>

yc(t) = ay1(t) + by2(t)

<latexit sha1_base64="vZZg2YI8DoHZLIDhJ4jkW6JGf1k="></latexit>

y1(t) = x1(t) + x1(t� 2)

y2(t) = x2(t) + x2(t� 2)



Example 2
• Replacing inside, we obtain:


• then, since:


•  we have:


•  so it is linear!!

<latexit sha1_base64="5uWVXrqTceu5mF6nmovkqZW6YYs="></latexit>

yz(t) = yc(t)

<latexit sha1_base64="OYVYSn7+Wz2jq34c992dRobIb+Q="></latexit>

yz(t) = a(x1(t) + x1(t� 2)) + b(x2(t) + x2(t� 2))

<latexit sha1_base64="S/gioZZeUJPcc56JBzHG3SGIwE0="></latexit>

yc(t) = a(x1(t) + x1(t� 2)) + b(x2(t) + x2(t� 2))



Example 2

• For the time-invariance, we have first to compute:

<latexit sha1_base64="YvdJPqGf+toK2LKM3eqqjK+T5P0="></latexit>

y(t) = x(t) + x(t� 2)

<latexit sha1_base64="01JJpyQrEWMtHyKYm/V2ck/iWtI="></latexit>

y(t� t0) = x(t� t0) + x(t� 2� t0)



Example 2

• Then we to compute the output, y_d(t) corresponding to a 
delayed input d(t)=x(t-t_0):

<latexit sha1_base64="Rjs5UJYRaiKIUlvhh2UvB7013KI="></latexit>

d(t) = x(t� t0)

<latexit sha1_base64="YvdJPqGf+toK2LKM3eqqjK+T5P0="></latexit>

y(t) = x(t) + x(t� 2)

<latexit sha1_base64="Zh+kOWaK5BvHILHvZNr+D3Xm/f0="></latexit>

yd(t) = d(t) + d(t� 2)



Example 2

• difficult part, replacing d(t)=x(t-t_0):  ``replace d with x’’ 
and just add -t_0 within the parenthesis…. 

<latexit sha1_base64="Zh+kOWaK5BvHILHvZNr+D3Xm/f0="></latexit>

yd(t) = d(t) + d(t� 2)

<latexit sha1_base64="duLSS9EBNA2nso7ud5MmjJLa5e4="></latexit>

yd(t) = x(t� t0) + x(t� 2� t0)



Example 2
• Finally, note that:


• so that, it is time-invariant !!!

<latexit sha1_base64="duLSS9EBNA2nso7ud5MmjJLa5e4="></latexit>

yd(t) = x(t� t0) + x(t� 2� t0)
<latexit sha1_base64="01JJpyQrEWMtHyKYm/V2ck/iWtI="></latexit>

y(t� t0) = x(t� t0) + x(t� 2� t0)
<latexit sha1_base64="UHEuL4awYv/9+18KMO28aH7Y7j8="></latexit>

y(t� t0) = yd(t)



Example 3

• Consider the system:  

<latexit sha1_base64="hEnI5gOLv+JznCNcMEqBLIX3Qoc="></latexit>

y(t) = cos(3t)x(t)



Example 3

• Solution: 


• without memory (memoryless),  

• causal 

• stable 

• linear 

• time variant (not time invariant) 

<latexit sha1_base64="hEnI5gOLv+JznCNcMEqBLIX3Qoc="></latexit>

y(t) = cos(3t)x(t)



Example 4

• Solution: 


• without memory (memoryless),  

• causal 

• unstable 

• linear 

• time variant (not time invariant) 

<latexit sha1_base64="NmJLTCxhYa6Uzptlaj3FGnRYThM="></latexit>

y(t) = tx(t)



Questions?


