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Fourier Transform 
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Señales y Sistemas
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Example 9
Consider the following linear differential equation  

with constant coefficients (and null initial conditions): 

Find the Laplace Transform, H(s), and the FT, H(w),  
of the impulse response h(t) of the LTI system. 

<latexit sha1_base64="gzLWP2+t41II1PWiCg0b2lLAjhY="></latexit>

(1� j)
d3y(t)

dt3
+ 3

dy(t)

dt
= 3

d2x(t)

dt2
+ j

dx(t)

dt
� 4



Example 9

We will use the properties:

For the Laplace Transform 
(bilateral) 

<latexit sha1_base64="/modR4Pb1VkcYuV9lv0blX7c8a0="></latexit>

dkx(t)

dtk
() (j!)kX(!) For the Fourier Transform

<latexit sha1_base64="07WNeFtP+XA0oq/m9lnX2F5ymFM="></latexit>

� = 0
<latexit sha1_base64="/wiX648OLKXsxcy8povUMB7A0dc="></latexit>

s = � + j!



Example 9

Let us do with Laplace, first, 

<latexit sha1_base64="rzZ87fxuErksILkl0iE786zqPfQ="></latexit>

(1� j)s3Y (s) + 3sY (s) = 3s2X(s) + jsX(s)

<latexit sha1_base64="O4QenqfuGFi12RRtcqfKuooUcTA="></latexit>

((1� j)s3 + 3s)Y (s) = (3s2 + js)X(s)
<latexit sha1_base64="dCaNnWREMGtoA4UkAuhk87ZD1GM="></latexit>

H(s) =
Y (s)

X(s)
=

3s2 + js

(1� j)s3 + 3s

This is the solution 



Example 9

With Fourier, we set sigma=0,

<latexit sha1_base64="dCaNnWREMGtoA4UkAuhk87ZD1GM="></latexit>

H(s) =
Y (s)

X(s)
=

3s2 + js

(1� j)s3 + 3s

This is already the solution 

<latexit sha1_base64="Vbn8d1+jc3SwmZv+vKF/n7PSrhw="></latexit>

H(!) =
Y (!)

X(!)
=

3(j!)2 + j(j!)

(1� j)(j!)3 + 3(j!)



Example 9
With Fourier, we set sigma=0,

<latexit sha1_base64="Vbn8d1+jc3SwmZv+vKF/n7PSrhw="></latexit>

H(!) =
Y (!)

X(!)
=

3(j!)2 + j(j!)

(1� j)(j!)3 + 3(j!)

<latexit sha1_base64="0uClq5H9ViJsyPaMgw0JqqXr0/A="></latexit>

H(!) =
3j2!2 + j

2
!

j3!3 � j4!3 + 3j!

<latexit sha1_base64="GSTwl4FYomlc2NIDAi3zDQBUg1A="></latexit>

H(!) =
�3!2 � !

�j!3 � !3 + 3j!

the same solution  
in different forms 

<latexit sha1_base64="Vcop4xrRqSsoxlnaiCsFJr5itVw="></latexit>

H(!) =
�!(3! + 1)

�!3(j + 1) + 3j!

<latexit sha1_base64="zOOp6viyIN/HOt3e4qZiW/QmcWo="></latexit>

H(!) =
!(3! + 1)

!3(j + 1)� 3j!



Example 9

the same solution  
in different forms 

<latexit sha1_base64="zOOp6viyIN/HOt3e4qZiW/QmcWo="></latexit>

H(!) =
!(3! + 1)

!3(j + 1)� 3j!

<latexit sha1_base64="rdiAQJk1vN09fv7nAhF5kGWcPd4="></latexit>

H(!) =
3! + 1

!2(j + 1)� 3j

<latexit sha1_base64="zwm6hG1ZHvRc0Za1+lGh+iKK/pA="></latexit>

for ! 6= 0



Example 10
Consider the following generic linear differential equation  

with constant coefficients (and null initial conditions): 

Find the Laplace Transform, H(s), and the FT, H(w),  
of the impulse response h(t) of the LTI system. 



Example 10

We will use again the properties:

For the Laplace Transform 
(bilateral) 

<latexit sha1_base64="/modR4Pb1VkcYuV9lv0blX7c8a0="></latexit>

dkx(t)

dtk
() (j!)kX(!) For the Fourier Transform

<latexit sha1_base64="07WNeFtP+XA0oq/m9lnX2F5ymFM="></latexit>

� = 0
<latexit sha1_base64="/wiX648OLKXsxcy8povUMB7A0dc="></latexit>

s = � + j!



Example 10



Example 10



Example 10
<latexit sha1_base64="R8rAZRN18qUuOFfeelVxZjFraYM="></latexit>

H(s) =
Y (s)

X(s)
=

PM
m=0 bms

m

PN
k=0 aks

k

<latexit sha1_base64="0lr5lI01Sp/v9xdSVG9pHfmQRsE="></latexit>

H(!) =
Y (!)

X(!)
=

PM
m=0 bm(j!)m

PN
k=0 ak(j!)

k

<latexit sha1_base64="/wiX648OLKXsxcy8povUMB7A0dc="></latexit>

s = � + j!
<latexit sha1_base64="07WNeFtP+XA0oq/m9lnX2F5ymFM="></latexit>

� = 0



Example 11
Consider the following Laplace Transform, H(s), of the impulse response h(t)  

of an LTI system: 

<latexit sha1_base64="1FbgyxfmiF9/i55AgVNQ6K4s3a0="></latexit>

H(s) =
s� 5

s2 � s+ 1

Find the corresponding differential equation representing the LTI system. 



Example 11
<latexit sha1_base64="1FbgyxfmiF9/i55AgVNQ6K4s3a0="></latexit>

H(s) =
s� 5

s2 � s+ 1

<latexit sha1_base64="xu0HuTR9hQPhYFTcmGcMcQynz7c="></latexit>

H(s) =
Y (s)

X(s)
=

s� 5

s2 � s+ 1

<latexit sha1_base64="ll0+OBtHc3P/xHzjaNga7/hOkgc="></latexit>

(s2 � s+ 1)Y (s) = (s� 5)X(s)



Example 11
<latexit sha1_base64="xu0HuTR9hQPhYFTcmGcMcQynz7c="></latexit>

H(s) =
Y (s)

X(s)
=

s� 5

s2 � s+ 1

<latexit sha1_base64="ll0+OBtHc3P/xHzjaNga7/hOkgc="></latexit>

(s2 � s+ 1)Y (s) = (s� 5)X(s)

<latexit sha1_base64="GSX6/4J2zizHKOGYrnFHQLJzWik="></latexit>

s2Y (s)� sY (s) + Y (s) = sX(s)� 5X(s)

<latexit sha1_base64="hiiAhpig0HqNT0kUSFEiMAc/Wzg="></latexit>

d2y(t)

dt2
� dy(t)

dt
+ y(t) =

dx(t)

dt
� 5x(t)

This is the solution 



Example 12
Consider the following FT, H(w), of the impulse response h(t)  

of an LTI system: 

Find the corresponding differential equation representing the LTI system. 

<latexit sha1_base64="Zf18t8+Paz7lKsZyYXXpGXO6FBM="></latexit>

H(!) =
! � 5

!2 � ! + 1



Example 12
<latexit sha1_base64="YLPfNaRIozWPfaQng0KEd9i5JzA="></latexit>

H(!) =
Y (!)

X(!)
=

! � 5

!2 � ! + 1

<latexit sha1_base64="iMArrFM3bACWdNBUZr/IOZMDvVw="></latexit>

!2Y (!)� !Y (!) + Y (!) = !X(!)� 5X(!)
<latexit sha1_base64="4okrlZhGwI4Kklq3gD30fQWGziM="></latexit>

j2

j2
!2Y (!)� j

j
!Y (!) + Y (!) =

j

j
!X(!)� 5X(!)

<latexit sha1_base64="04QGfAD05HlEwJiIwAN2VDOD/Po="></latexit>

1

j2
(j!)2Y (!)� 1

j
(j!)Y (!) + Y (!) =

1

j
(j!)X(!)� 5X(!)



Example 12
<latexit sha1_base64="04QGfAD05HlEwJiIwAN2VDOD/Po="></latexit>

1

j2
(j!)2Y (!)� 1

j
(j!)Y (!) + Y (!) =

1

j
(j!)X(!)� 5X(!)

<latexit sha1_base64="LYbUAvHiTCb8w5sJE47+D00GWn0="></latexit>

�(j!)2Y (!) + j(j!)Y (!) + Y (!) = �j(j!)X(!)� 5X(!)

<latexit sha1_base64="hSNrfkVDX1SyT2AUv9mPKZkbwqo="></latexit>

�d2y(t)

dt2
+ j

dy(t)

dt
+ y(t) = �j

dx(t)

dt
� 5x(t)

This is the solution 



Example 13
Conpute the stand. FT of the signal: 

<latexit sha1_base64="WiK1wolBXcwb2AJZDNJ+JrwC7n0="></latexit>

x(t) = e�3|t| sin(2t)



Example 13
By the definition of Stand. FT: 

<latexit sha1_base64="KyzhiVsogI8xdDClf8KPLnFCPoE="></latexit>

X(!) =

Z 1

�1
e�3|t| sin(2t)e�j!tdt

<latexit sha1_base64="kAFEiFhI6lxSKsDEt64ICiRhRUE="></latexit>

=

Z 1

0
e�3t sin(2t)e�j!tdt+

Z 0

�1
e3t sin(2t)e�j!tdt

let focus of  
this first integral 

<latexit sha1_base64="dsyt0HoMhc2jCd6Co4EFUTH9FIE="></latexit>

X1(!)
<latexit sha1_base64="1hVj9EKEOJUCUNm3x5c21lEZYH8="></latexit>

X2(!)

<latexit sha1_base64="aUXeoPwQAbTnt3Igxkzfb9Flhs4="></latexit>

X(!) = X1(!) +X2(!)



Example 13
<latexit sha1_base64="9WqXcAk2wbTODfJHWcRyS6NAK88="></latexit>

X1(!) =

Z 1

0
e�3t sin(2t)e�j!tdt

<latexit sha1_base64="v8XqEahDfAKZKgFPqfWkFFkbvQ8="></latexit>

X1(!) =

Z 1

0
e�3t


1

2j
(e2jt � e�2jt)

�
e�j!tdt

<latexit sha1_base64="FgCcfVnZW+WcIDXeb9rPRbXaZtw="></latexit>

X1(!) =
1

2j

Z 1

0
e(�3+j(2�!))tdt� 1

2j

Z 1

0
e(�3�j(2+!))tdt



Example 13
<latexit sha1_base64="FgCcfVnZW+WcIDXeb9rPRbXaZtw="></latexit>

X1(!) =
1

2j

Z 1

0
e(�3+j(2�!))tdt� 1

2j

Z 1

0
e(�3�j(2+!))tdt

<latexit sha1_base64="bR0sVT8vH1G7jvIKO4NlH07uq2I="></latexit>

X1(!) = � 1

2j

1

�3 + j (2� !)
+

1

2j

1

�3� j (! + 2)

<latexit sha1_base64="1wjwGBspGpFKHZMjDwIRgTNyTr8="></latexit>

X1(!) =
1

2j


1

3� 2j + j!
� 1

3 + j! + 2j

�



Example 13
with similar steps, it is possible to show: 

<latexit sha1_base64="aUXeoPwQAbTnt3Igxkzfb9Flhs4="></latexit>

X(!) = X1(!) +X2(!)

…and finally: 

<latexit sha1_base64="0oBwHOclNr2k3TRD0M65W2QAmlA="></latexit>

X2(!) =
1

2j


1

3� 2j � j!
� 1

3� j! + 2j

�



Example 14

Compute the FT of the output of the system, Y(w).



Example 14

<latexit sha1_base64="dHRGYYYHyUhsF8EDqz3KcrxUALY="></latexit>

X(!)

<latexit sha1_base64="BRHrGUujKl6eBAvNRUFXccfVIkQ="></latexit>

H(!)

<latexit sha1_base64="D1XRMAT0/AwoD/COU7foCxf4lL4="></latexit>

Y (!)
<latexit sha1_base64="4Yp+r9N3ijxuOVNboK/T0IE2xUw="></latexit>

Y (!) = H(!)X(!)

This is the solution 



Example 15
<latexit sha1_base64="Pz8COxP6dv90hYAsKsA9eCOq0T8="></latexit>

S(!)

<latexit sha1_base64="Pz8COxP6dv90hYAsKsA9eCOq0T8="></latexit>

S(!)

Then, also consider the following signal: 

Find the FT of the signal r(t)=s(t)p(t)  

<latexit sha1_base64="jqMNnVWfDgqrw1vCxcudZxQgGo4="></latexit>

p(t) = cos(!0t)



Example 15
The GFT of p(t): 

<latexit sha1_base64="YPVNlmP3zSNCGuyRekBlxmAPZWE="></latexit>

PG(!) = ⇡�(! + !0) + ⇡�(! � !0)

and using the property: 

<latexit sha1_base64="wbsyZi549xJlE6ZvYse1pN+2W0k="></latexit>

PG(!)

<latexit sha1_base64="/4fzt5C1qtyeGFAPNZZv4mIlMu4="></latexit>

r(t) = s(t)p(t) () 1

2⇡
[S(!) ⇤ PG(!)]



Example 15

<latexit sha1_base64="/4fzt5C1qtyeGFAPNZZv4mIlMu4="></latexit>

r(t) = s(t)p(t) () 1

2⇡
[S(!) ⇤ PG(!)]

and using the property: 

<latexit sha1_base64="c78RO2MPd4hzJNArthumXJbP6MM="></latexit>

R(!) =
1

2⇡
[S(!) ⇤ PG(!)]



Questions?


