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Fourier series of the cosine “with Euler”



Fourier series of the cosine “with Euler”
<latexit sha1_base64="/daThMaYjjVbK4KKLZsZ9Tr5YP8="></latexit>

x(t) = cos(!0t)

<latexit sha1_base64="PlcjgfyWPfsTSEMriPvA/DT1aZM="></latexit>

cos(!0t) =
1

2
[ej!0t + e�j!0t]

• For Euler…

• Sum of complex exponentials… 
this is already the Fourier Series !!!



<latexit sha1_base64="PlcjgfyWPfsTSEMriPvA/DT1aZM="></latexit>

cos(!0t) =
1

2
[ej!0t + e�j!0t]

• Sum of complex exponentials… 
this is already the Fourier Series !!!
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a1 =
1

2
, a�1 =

1

2
,

<latexit sha1_base64="diqA1277tLLZkaXsgMrjkJhP5RE="></latexit>

ak = 0 for all k 6= �1, 1

Fourier series of the cosine “with Euler”



Fourier series of the cosine “with definition” 
of a_k



Fourier series of the cosine “with definition” of a_k
<latexit sha1_base64="aAegY44EI5uGOKEHlKtlKbHX0H0="></latexit>
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Note that \omega_0  inside the cosine is exactly \omega_0, that is, 
the fundamental frequency of the signal…



Fourier series of the cosine “with definition” of a_k

<latexit sha1_base64="Z4ttAitjSGZJPnB6LPZR7QZPeH0="></latexit>
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<latexit sha1_base64="kMJRkNinQNPAaBrOkUuqO94WRFI="></latexit>
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Now we focus on this integrals….



Fourier series of the cosine “with definition” of a_k

we can do more calculus (and also divide in cosine and sine, if you need/desire),  
the pure complex exponential… 
but if we recognize we are integrating virtually a  cosine/sine signal in its period 
then we can easily write:

<latexit sha1_base64="ZfyANY6vvQpTr7A8pcWxYIoAuq8="></latexit>Z T0

0
ej(1�k)!0tdt = 0 for k 6= 1

Z T0

0
e�j(1+k)!0tdt = 0 for k 6= �1

<latexit sha1_base64="ZoSQwrg6/GGA0PXS2u3rV1Xk7M4="></latexit>

(Recall that !0 = 2⇡
T0
)



Fourier series of the cosine “with definition”  of a_k

For k=1, and k=-1:

<latexit sha1_base64="YFwD3g81p15qbjCb/KigKC2FZCU="></latexit>Z T0
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Fourier series of the cosine “with definition”  of a_k

Finally, we obtain:
<latexit sha1_base64="kMJRkNinQNPAaBrOkUuqO94WRFI="></latexit>

=
1

2T0

Z T0

0
ej(1�k)!0tdt+

1

2T0

Z T0

0
e�j(1+k)!0tdt

<latexit sha1_base64="v0qOGK1ve8f4yJ6H7sy02ZX7lQw="></latexit>ak
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Truncated cosine signal 
(method 1: from the “definition” of Standard FT)



Truncated cosine signal
<latexit sha1_base64="Ir+bl20hKVqXJLNKF9KCZYHycJE="> iK4bzATcg+OJDpp1WTxfuSDY2QhtiRcYlBkkpfBcOQAS1OeV24+XpifrlybMfnh0+/6aQ45HwufCFIAqq8JXwXPheeCGcC8YQD38d/j78Y2SNfhv9OforN334oPD5TKg9o7//B2CNJuE=</latexit>

x(t) = cos(!0t)rectL(t)

<latexit sha1_base64="+rfSsRk4nhYDq9EY2ugEqSUdxww="></latexit>

rectL(t)
<latexit sha1_base64="02QKPEKAL1KCXb++exCD1sAhDXA="></latexit>
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Truncated cosine signal: method 1
<latexit sha1_base64="Pf3RMuo+QeF0vnn7L82xHeHQS8c="></latexit>
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Truncated cosine signal: method 1
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Truncated cosine signal: method 1

<latexit sha1_base64="H3FyHLxWPQObCYRsKbtW1N6p3DQ="></latexit>

(for any doubts, recall also that sin(a) = sin(�a))

<latexit sha1_base64="gOhzfflV7lY4KnRJz0tuJSQQpEw="></latexit>
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<latexit sha1_base64="vpySnjHSafncoJVnRxPiJ0/5/24="></latexit>
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Truncated cosine signal: method 1

<latexit sha1_base64="5/fAULEhiyz7Sa7oguagqlDssOM="> JJFF0Y+oYvEhJyZrlUDHAc0Q2xHLKmFzD0iUejRZJlINAYZuzsGKwCn6NsthyREC+Kbrwl7PQIv4zqa+lk29pFzFc/LBLmb2JOfSsnWsXwfkBHh18wyGbQ5LkLPZ8RK2SQK7IuCUjK4XfOAEQw6iU3B+9PT4zXJ69+fXX45sdCjqfSt9J3kiwZ0vfSG+kX6Z10JllDY3g+/GNIRq9HeGSNaL718aMi5hupco38/wA4T7X8</latexit>
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This is already the solution:

That can be written as sum of two “octupus”/pulpos: 
(i.e., two sinc functions)

<latexit sha1_base64="zSYf01raYhKbGcuC6AbnuW3OpvE="></latexit>
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Truncated cosine signal: method 1

where:

<latexit sha1_base64="zSYf01raYhKbGcuC6AbnuW3OpvE="></latexit>
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<latexit sha1_base64="lqyv6j+RQT3XcedVL5Hw+vHWJ1k="></latexit>
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Truncated cosine signal 
(method 2: using properties…)



Truncated cosine signal
<latexit sha1_base64="Ir+bl20hKVqXJLNKF9KCZYHycJE="> iK4bzATcg+OJDpp1WTxfuSDY2QhtiRcYlBkkpfBcOQAS1OeV24+XpifrlybMfnh0+/6aQ45HwufCFIAqq8JXwXPheeCGcC8YQD38d/j78Y2SNfhv9OforN334oPD5TKg9o7//B2CNJuE=</latexit>

x(t) = cos(!0t)rectL(t)

<latexit sha1_base64="+rfSsRk4nhYDq9EY2ugEqSUdxww="></latexit>

rectL(t)
<latexit sha1_base64="02QKPEKAL1KCXb++exCD1sAhDXA="></latexit>
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<latexit sha1_base64="EgMJrhoC0MF4geA4SGtPWm8nJdQ="></latexit>

t
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Truncated cosine signal: method 2

<latexit sha1_base64="Ir+bl20hKVqXJLNKF9KCZYHycJE="> iK4bzATcg+OJDpp1WTxfuSDY2QhtiRcYlBkkpfBcOQAS1OeV24+XpifrlybMfnh0+/6aQ45HwufCFIAqq8JXwXPheeCGcC8YQD38d/j78Y2SNfhv9OforN334oPD5TKg9o7//B2CNJuE=</latexit>

x(t) = cos(!0t)rectL(t)

product in time ==>   convolution in frequency 

<latexit sha1_base64="EuddWndUfsBEaarvS5Y8+axnmwM="></latexit>
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<latexit sha1_base64="f7p69x6rJjfTIB6j2Qza/1Eq6/E="></latexit>

z(t)
<latexit sha1_base64="Zig2wGUQZ+Db15GtC1HXXhTpiOo="></latexit>

f(t)



Truncated cosine signal: method 2
<latexit sha1_base64="EuddWndUfsBEaarvS5Y8+axnmwM="></latexit>
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<latexit sha1_base64="9/Recf6OHij2zcskEFj4uXDR5H4="></latexit>
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<latexit sha1_base64="5ueyipNI/iGEjcDTPWCllQRdCfU="></latexit>

ZG(!) = ⇡ (�(! � !0) + �(! + !0))



Truncated cosine signal: method 2

Using the property of the convolution with deltas: 

<latexit sha1_base64="zSYf01raYhKbGcuC6AbnuW3OpvE="></latexit>
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and we obtain again: 

<latexit sha1_base64="MhF+kEgbk9nvud7kiwvqC2uzj9A="></latexit>
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X(!) =
sin((! � !0)

L
2 )

! � !0
+

sin((! + !0)
L
2 )

! + !0



Plotting the Stand. FT of the truncated cosine signal 



Plotting X(w)
Since X(w) is real in this case, we can plot 
directly X(w) (without taking the module)

<latexit sha1_base64="gKRw+IFBXqPoETIAKa9FcO8EOR8="></latexit>

X(!)



Plotting X(w)



Plotting X(w)



Plotting X(w)



Plotting X(w)

Note that, as L grows to infinity, we have:
<latexit sha1_base64="Y6QInTi/eDqMxtXn2M7uMV6EF2A="></latexit>

X(!) �! ⇡ (�(! � !0) + �(! + !0))

Since the rectangle f(t) tends to be f(t)=1 (a 
constant signal).

<latexit sha1_base64="UpO/iVcZutR+f28bW8THnffZcRA="></latexit>

ZG(!)



Questions?


